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A CRITERION OF AGGREGATING EXPERT ESTIMATIONSINTO CONSENSUS
PAIRWISE COMPARISON MATRIX BY A GIVEN COMPARISON SCALE WITHIN
THE CORRESPONDING SPACE OF POSITIVE INVERSE-SYMMETRIC MATRICES

An approach of aggregating expert estimations into consensus pairwise comparison matrix is suggested. The
aggregation criterion is minimization of the weighted distance between the consensus pairwise comparison matrix and
pairwise comparison matrices of experts. The matrix distance is Euclidean-based metric in the space of all positive inverse-
symmetric matrices whose subset is the space of all pairwise comparison matrices. The consensus is found slightly simpler for
experts with identical competences. Expert estimations are treated consistent if they do not differ badly. For checking
consistency or concordance of expert estimations, two inequalities are controlled. The first inequality addresses maximal
distance among weighted pairwise comparison matrices of experts. The second one addresses maximal difference among
entries of these matrices. For experts with identical competences, the two inequalities are stated simpler, without weighting.
The suggested approach is applicable, regardless the comparison scale, for solving hierarchical multicriteria problems by
finite number of alternatives.
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B.B. POMAHIOK

XMeJbHUIBKUI HALlIOHAIBHUI YHIBEpCUTET

KPUTEPII ATPET'YBAHHSA EKCIIEPTHUX OLIHOK B Y3ATAJIBHEHY MATPHUIIIO TOIAPHUX
MHOPIBHSAHDB 3A JTAHOIO HIKAJIOIO ITIOPIBHSAHDB Y BIITOBITHOMY ITPOCTOPI
JOJATHUX OBEPHEHO-CUMETPUYHUX MATPHUILb

IIponoHyemucsi nioxio do azpezy8aHHSI eKCnepmHUX OYIHOK 8 y3a2da/bHeHy Mampuylo NonapHux nopisHsHv. Kpumepiem
azpezysaHHsi € MIHIMI3ayis 36axceHoi 8i0cmaHi Mixc Y3a2a1bHEHO MAMpUYer NONApHUX NOPIBHAHb | MAMPUYSMU NONAPHUX NOPIBHIHL
excnepmis. MampuyHow 6i0CMaHHI0 € Mempuka Ha OCHo8I esk/nidosoi eidcmaHi y npocmopi ycix dodamHux 06epHeHO-CUMeMmpPUYHUX
Mampuys, NiIOMHONCUHOIO SIKO20 € Npocmip yciX mampuyb NONApHUX NOpieHsHb. Y3azanbHeHHs 3Haxodumbcsi dewjo npocmiule 045
ekcnepmis 3 00HaKOBUMU KoMNnemeHmHocmsamu. EkcnepmHi oyiHKu 88ascaiombucs y3200i4ceHUMU, SIKWO 80HU He CUAbHO Pi3HAMbCS. Jas
nepesipku y3200xceHoCmi eKcnepmHux OYIiHOK KOHMpo/mscs 08i HepigHocmi. Ilepwa HepigHicmb 386epmaembcsi 00 MAKCUMAAbHOT
8IdcmaHi Mixc 38aMceHUMU MAMPUYSMU NONAPHUX NOPIBHSHb ekcnepmis. [lpyea HepigeHicmb 38epmaemubcst 00 MAKCUMA/AbHOI pIZHUYT Midc
esnemeHmamu yux mampuys. Jaui 06i HepigHocmi 3anucylomecsi npocmiule, 6e3 38axCy8aHHs, 0451 ekcnepmie 3 00HAKOGUMU
KomnemeHmHocmsimu. He3asedxcHo 8i0 wkKaau nopigHsHb, 3anponoHos8aHull nidxid € 3acmoco8HUM 051 p036's3Y8aHHS [EpAPXIYHUX
6azamoKkpumepianbHux 3a0au 3i CKIH4eHHOK Ki/IbKICMI0 as1bmepHamus.

Kawuosi caosa. ekcnepmui OYiHKU, WKAAA NOPIBHAHb, MAMPUYS NONAPHUX NOPIGHSAHb, A2Pe2y8AHHA eKCNepmHUX OYIHOK,
Mampu4Ha 8idcmaHb, y3a2a/1bHeHHsl, KoMnemeHmHocmi ekcnepmie, y32003ceHicmb eKchepmHUX OYiHOK.

Problem of aggr egating expert estimations

Expert estimations (EE) may differ badly. Simple aggregation of such estimations, e. g., arithmetic or
geometrical mean, may turn inconsistent or incorrect. Therefore, a criterion of EE consistency should be. If EE are
consistent by the criterion, then the corresponding solution analysisis applicable.

As a pattern, consider pairwise comparison matrix (PCM) used in solving hierarchical multicriteria
problems (HMCP) by finite number of alternatives (possible solutions or strategies). PCM is widdly applied within
the well-known Saaty method of analytic hierarchy process (AHP). Using the spread scale of comparisons[1, 2], the
variety of PCM is finite. Obviously, the consensus PCM must be a matrix of those ones in the PCM variety. Even a
trivial example shows, however, that averaging arithmetically or geometrically gives an off-the-scale matrix which
isnot aPCM: if 2 and 3 are values given by two experts, their arithmetic mean 2.5 is off-the-scale value, and their

geometric mean \/6 is off-the-scale value as well.
Thisis the motivation to devel op an approach of EE aggregation such that the approach could be applicable
regardless the scale of comparisons. In other words, this approach should work on any variety of PCM.

How the consensus PCM is obtained

In most practical cases, while an HMCP is solved by PCM involved at least two experts, a question of how
the consensus PCM is obtained appears unclear. For instance, the paper [3] derives a group PCM, wherein a
consensus index of a sequence of individual PCM is defined and two consensus improving methods are devel oped
by introducing a general aggregation operator based on Abelian linearly ordered group. Based on multiplicative
AHP model with lognormal errors, the paper [4] proposes a Bayesian revision method for improving a sequence of
individual PCM under the assumption that the consensus exists among decision makers, which is considered an aid
to aggregation of individua judgments and aggregation of the individua priorities. In the paper [5], it is declared
that using the row geometric mean as the prioritization procedure, consensus is sought between the different
decision makers when the modifications of their initial positions or judgments are guaranteed to be within the range
of values accepted for a given inconsistency level. A genera mode to generate crisp priority weights of the
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alternatives from possibly inconsistent and conflicting fuzzy preference relationsis proposed in [6], where the model
is expressed in terms of fuzzy matrix approximations, and in the aggregation process, the importance of each expert
istaken into consideration according to the agreement of the group with the expert.

A lot of apparent drawbacks of those decisional tools spring from superfluous complications, assumptions
needing supplementary substantiations, impossibility to achieve a complete matrix [5], invalidity of fuzzifying
numerical judgmentsin the AHP [7, 8]. Besides, often supplementary statistics is needed [4, 6, 7, 9, 10]. Thus, the
EE aggregation isan issue.

Goal and itemsto be accomplished to meet it

Thefina goal isto state an approach of the EE aggregation into a consensus PCM along with a criterion of
consistency of this PCM. Note that here consistency of the consensus PCM is treated in the sense of succeeding to
EE consistency, rather than concerning the principa eigenvalue (PE) and consistency index [7, 10, 11]. Thisis so
because validity is the target in decision-making, not consistency, which can be successively improved by
manipulating the judgments as the answer gets farther and farther from reality [7]. And validity is founded on that
EE do not differ badly, what allows to bring them into the consensus.

For meeting the said goal, the following items are going to be made:

1. Formalize the scale of the comparison result.

2. Formalize the space (called earlier variety) of all PCM.

3. Formalize the space of all positive inverse-symmetric matrices (PISM) whose subset is the space of all

4. Introduce ametric in the PISM space.

5. Suggest how to aggregate EE in their PCM into a consensus PCM bel onging to the space of all PCM.

6. Suggest a criterion which would ensure consistency of EE in their PCM and let apply the corresponding
consensus PCM in solving an HMCP.

The comparison scale and spaces of PCM and PISM
By the Saaty method of AHP, the comparison result is reflected usually with the 17-pointed scale whose
vauesare[l, 2,7, 11, 12]

1311&&1}1,L2,3,4,5,6,7,8,9g «y

and only these ones are elements of PCM. Each value in the set (1) has its own interpretation suitable to the
appropriate situation. Here the first nine natural numbers are used. Generalization of the comparison scaleis that the
comparison result isreflected on the scale of thefirst S natural numbersfor 2S- 1 graduation marks

s -
A(s):[{ml}mzz,J,{m}izz} by ST ¥\{1. )
Thus, having N objects (alternatives, criteria, subcriteria, etc) by NT ¥\{1} and J expertsby J1 ¥\{1} , PCM
of the j -th expertis A, :gafk”HN,N where
- L1
3T A(S) by a1'<kj>:W' 3

Denote by
A W (S)={A=[ad,  ad AS) a =a]} ()
the space of all N” N PCM with the comparison scale (2). It isclear that A;T A (S) and the space (4) isfinite.

However, the space (4) is a partial case of PCM variety generated by the scale (2). The space (4) contains not all
PISM. But the infinite space

By ={B=[b] b >0.b, =} (5)
containsall N° N PCM generated by any scale of positive values. So, A (S)1 B, and a metric to measure
distance between two PCM should be introduced just right in the PISM space (5).

Euclidean-based metric in the space of PISM
Denote the distance between PISM

X=[%]ynTBn ad Y=[y ], TBy (6)

]N' N
by g (X,Y). Thesetwo PISM (6) can be represented as ordinary N?-dimensional pointsin Euclidean arithmetic
space j N Therefore, it isnatural to measure distance [13] between PISM (6) by the Euclidean-based metric:

rBN(><,Y)=||><-YII=J5 a (- w)- (7)

i=1 k=1
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Properties of PISM declared in (5) allow to deduce a formulafor simpler caculation of the distance (7):

re (X, Y)=[X- Y||—Jaag>§k Vi)’ Xk- .k)a‘

i=1 k=i+l
N-1 N ’ 20 N-1 N
Yo %) U (80 & 1+ ()’
e(x Vi) (—g:\/ (- W) (8)
\/a—i 1?;18 ‘ ‘ ()ﬁkyik)z ¢] @i 19;1 (Xlk |k) ‘ ‘
. L N(N - 1) i
Excluding main diagonal, by formula (8) we need to sum up > terms instead of N(N - l) terms by

formula (7). Thisistwice faster.

The consensus PCM belonging to the space of all PCM
If there was just a single expert, no consensus PCM would be required because PCM of this expert would

be already applicable. Inthe case of J experts, whose weights {xj}j=1 are such that

- p— d
x;1(01) for j=1,3 by g x, =1, (9)
j=1
where the weight X; indicates at the j-th expert's competence, the consensus PCM must be selected among

A (S)| PCM of the space A (S). Formally, this is to determine a mapping of J PCM {Aj}J, into the
consensus PCM A =[4,] . sothat AT A | (S). Neither weighted arithmetic mean
J
o )
M :[mk]N'N by m,=a Xja1'<kJ>
=

nor weighted geometric mean
&

G :[gik]N'N by O :O(ai<kj>)Xi
j=1
is the mapping unless all matric&{Aj}J,_ areidentical. But generally MT A (S) and GT A (S) . Moreover,
MT B though GT B
If the g-th PCM inthe space A (S) is
Co=gd TA(S)1 By by a=1]A (S) (10)

then the weighted distance between thisPCM and J PCM {Aj}j=1 is

J J N1 N 14(allcl® .
fectay ) e)-dxn BATE ) °)) -l w
=t j=1 i=L k=il | &, C
Then
l&A : . J }J
! arglmAm(ISiBNr(Cq’{AJ}jzl)y (12)
TR () b

is the required consensus PCM. Note that if expert procedures involve experts with identical competences then the
consensus PCM (12) isfound dightly smpler:

I o bt g 1e(ale?)
Alagr m (, 4 ag )

| Q =1 i=1 k=i+l (a<J>C<q>)

i _1}A ‘ k “ik

Either the minimization problem (12) by (11) or the minimization problem (13) is solved trividly (Figure 1) owing
to that they deal with thefiniteset A  (S) of possible solutions.

a

) 24
{al - a) . (13)

-

2%
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Start

A4 \ 4
Assignment of weights {x J. } ’

j=

Y
Making EE as PCM {A }

J

=

False True
4 \ 2
Calculate the g-th weighted Calculate distance between
distance (11), associated A andC, by (8), j=1J
withPCM C, by q=1|A () v
Sumup J distances
y
Among IA N (S)| weighted {rBN (Aj,Cq)}J_  associated
=

distances, select the minimal one

WithPCM C, by q=LA (S
associated with the corresponding i A (S)

_ S rion Y
PCM in the set {Cq}q=1 whichis Among IA N (s)| summed-up

the consensus PCM A distances, select the minimal one

associated with the corresponding

PcM intheset {C,}” " whichis

g=1

the consensus PCM A

EE are consistent

Y

Return

Figure 1. A routine for finding the consensus PCM A

It isimportant that the routine in Figure 1 describes the succession of steps for finding the consensus PCM

A Dpefore consistency of EE is checked. Though EE consistency was expected to be checked straight off after

weights {xj}? ) and PCM {Aj}J, | ae known, matrix A may come indispensable for reasoning upon EE
J= 1=

consistency. That is why the EE consistency checking module has been put in the end of the routine, after the
consensus PCM A is selected in the course of solvi ng atrivial minimization problem.

Consistency of EE

The consensus PCM A , when found, can be applied in solving an HMCP only if there is a concordance
(consistency) of EE. Consigtency is a requirement of that EE would not be badly diverse. This will prevent
premature conclusions on rel ationships among objects which are compared.

Basically, for making a conclusion on EE consistency, we should check how bad the expert matrices
{Aj}J, | are scattered. For this, we calculate the maximal distance in the space A (S) . The maximal distance
=

between two PCM is reached when every pair of their entries of the same location is maximally opposite. Therefore,
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=
Q.

all the pairs (except the main diagonal) must indude entries { S St

st &
max_rg (C.C )= max g a

EICE R epe I E
8 3' +(ss?) ol \/(82—1)2 N(N-1) _s?-1

= S-St = X % = N(N-1). 14
- k - (S)G ) )< ) SZ 2 S ( ) ( )

Furthermore, matrices {A j}jzl may appear scattered not much, but if a pair of entries of the same location includes

too different comparisons, that is an evidence of inconsistency. Obvioudy, that the maximally different comparisons
2

congtitute the same pair {S, S‘l} and j -distance between them is S- S* :STI. The minimaly different

comparisons always constitute, without loss of generality, apair

{C|<kq> , CI<kr>} :{C.<kq> ¢ +]}
and j -distance between themis 1.
If experts have identical competences then, after the consensus PCM (13), we check if the inequality

maxry, (A, A )N gy (S) ><—\/ N-1) by gy () (0:1) (15)

IJ+1J

istrue. Along with this, the inequality

J
1 L6 S-16
max | max. maxl|a 3| o yierm( s) by m(8)1 &1 (16)
j=1, 3-1v i=1, N-1
i=+1, 3} k=i, N bb é o

is checked also. Values gy (S) and my(S) are parameters of consistency of EE made by identical competence

experts. Thelesser these parameters are taken the stronger requirement for EE consigtency is.
If experts have non-identical competences, the consistency conditions (15) and (16) are not relevant.

Consequently, instead of comparing PCM A; and A, the Xx; -weighted PCM A, must be compared to the X, -
weighted PCM A, . Denote the X, -weighted PCM by A<jXi> = gq<kj'xi>g . Apparently, the greater X; the smaller
N" N

change of the non-main-diagonal entry q<kj> should be. Ultimately,
lima,*' =4 by it k. an

And vice versa, the smaller x; the greater change of the non-main-diagona entry q<kj> should be, but here the
inaccessible ultimate value x; =0 must correspond to the unitary PCM implying that, by zero competence EE,
objects areindistinguishable:

Xlii&a1<kj'x‘>:l by it k. (18)

Basing upon conditions (17) and (18), define the mapping of PCM A into the X, -weighted PCM as
A=z, o(ALx) by AFTB and 8" =14x (g - 1) for k>i " k=I+IN. (19

J

It isclear that properties of the mapping (19) satisfy two conditions (17) and (18) of weighting a PCM. Then, after
the consensus PCM (12) isfound by (11), we check if the inequality

X))~ ) e S-1 R
maxr;, (A<J '>,A|<'>)NgN(S)><?JN(N—l) by gy (S)T (0;1) (20)
I=j+1, 3
istrue. Along with this, the inequality

i 1 o

i\ X l P 3 S - 10
el - L LR (9) om (9T BT @

I kLN 1 & Ay bb € o

is checked. Parameters of EE consistency gy, (S) and m (S) for (20) and (21) are adjusted in the same way as for
(15) and (16), although their order may be different (Figure 2).

82 Herald of Khmelnytskyi national university, Issue 1, 2016 (233)



TexHiuHi HAQYKU ISSN 2307-5732

Start

Y \ Y
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. o
and m, (S)1 00, =12 and m, (S)T & > 19
¢ S g € S g

Y
Executing the mapping

of PCM A, into True

False
(15) and (16)

the x; -weighted PCM

by (19), j =13

Inequalities
(20) and (21)

False True

Y VY
EE are consistent and

so isthe consensus PCM A

Y

Return

J
Figure2. A routine for checking consistency of EE in their PCM {Aj} i

The routine in Figure 2 describes that module which checks whether EE in ther PCM {A j}jzl are
consistent or not. The checking module is the bottom diamond in the routine in Figure 1. And so when theroutinein
Figure 1 runs, it usestheroutinein Figure 2 asits subroutine.

Discussion

Consistency of EE is believed to come first before consistency related to final ranking comes. Thereason is
that when EE are not concordant the final ranking based on the consensus PCM is perceived just like an average,
although this average may seem to reflect a fallacious “trustworthy” reationship among objects which are
compared. If “trustworthy” then the consensus PCM will be PE-consistent (but inconsigent following EE
inconsistency). EE inconsistency, or bad differences among expert judgments, is an evidence of that the objects are
not studied well yet. And PE-consistent ranking of such objectsis senseless.

There isan opinion that, however, EE consistency relates to PE-consistency. Thisis explained with that too
“close’ EE are probably going to be inherited by good PE-consistency. Nonetheless, good PE-consistency does not
always mean EE consistency.

It isworthy to note that instead of Euclidean-based metric in the space of PISM, stated as (7) and calculated
as (8), some other metrics could have been used [13]. They are Manhattan, Cosine, Dice, and Jaccard distance
functions whose application produces significant differences in the measurement of consensus [13]. Besides, these
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four metrics are not more natural than the Euclidean-based metric (7), and so their usageis amatter of another issue.
In assessing the EE consistency, when experts have non-identical competences, the weighted distances

J X . , . .
{xj g, (Aj, U)} or maxrg (A< '>, U) could have been used by the unitary N~ N matrix U . Matrix U

=t !

=13

being the unitary PCM is the inaccessible ultimate case implying indistinguishability of the studied objects.
Nevertheless, the proposed mapping of PCM A into the X, -weighted PCM A<jXi> satisfies two limit conditions

(17) and (18), what lets use the metric (7) and engage inequalities (20) and (21) with inequalities (15) and (16). This
eventually compl etes the approach of aggregating EE and checking their consistency.

Conclusion
The suggested criterion of aggregating EE into the consensus PCM is independent of the comparison scale.
It ensures consistency of EE in their PCM by plain reguirements which regard competences of experts. The stated
approach of the EE aggregation is realized as the routine in Figure 1 with its subroutine in Figure 2, where the EE
and PcM {A }
1 ]

consistency checking module could have been put at the start, straight off after weights {x J}J

j=1

are known, and before the consensus PCM A is found. And matrix A is not needful for checking consistency of
EE in their PCM {A J}J ) but, not to lose generality, the consensus PCM isincluded into the subroutine.
j=

Once EE is revedled to be consistent (i. e, without bad differences among expert judgments), the
corresponding consensus PCM and the objects’ ranking should be applied in solving an HMCP. Certainly,
consistency of EE depends strongly on competences of experts. If expert procedures recur then competences change,

and accurate tracking of those competences expressed as wei ghts {x J}Jll by (9) isrequired. Hence, the next must be

an approach to re-eval uate the experts' competences while agroup of objectsis studied sequentially.
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