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ABSTRACT 

Models of the long-term ecological successions are 
considered. Succession process is considered as step-by-
step changing of dominant association. The model of 
open Eigen’s hypercycle has been used for modeling of 
the process. Qualitative analysis for three-dimension 
case has been carried out, and local bifurcations have 
been investigated. The process of succession can be 
interpreted as system’s choosing a proper level of 
complexity (or dimension) depending on the capacity of 
environment (the size of ecological niche). Connections 
between changing a state of the system and bifurcations 
in phase space is shown. 
 
INTRODUCTION 

Processes, which take place in ecosystems, are 
extremely complex; their theoretical investigation 
should be based on abstract concepts, which describe 
some general properties of the systems on the global 
level. One of such theoretical simplifications is the 
concept of succession. The succession is considered as 
consecutive change of one ecosystem (phitocoenose, 
biogeocoenoe, etc.) by other in a certain area of 
environment. It is not a simple transformation, but a 
process of simplification of the structure of the 
ecosystem. Any state of a system can be characterised 
by dominate association of species (usually 
phototrophic), which are “amalgamated” by other 
satellite species by trophic relations. Such associations 
appear as the key elements of biogeocoenose. 
Stochastic models (Culver 1981; Lippe et al. 1985; 
Logofet 1997; Lourival 2011) are often used for 
description of succession processes. The transition 
probability is basic parameter which determinate the 
dynamics of the system in such models. Such approach 
can be useful for simulation the system dynamics of the 
system, but does not reflect moving forces of the process. 
Concerning long-term successions, many researches 
(Sukachev 1972; Kogan 1977; Tilman 1990; Rabotnov 
1992) emphasized essential role of competition for this 
processes. Use of models of competition of the Volterra 
type (Lepš and Prach 1981; Chakrabarti et al. 1995; 

Chernyshenko 1995; Weis et al. 2007) for description of 
succession process looks as very reasonable. 
Additionally to competition, there is evident positive 
influence of previous stages for next ones. Similar 
relationships between elements are described by the 
well-known model of hypercycle (Eigen and Schuster 
1979). In the same time, relations between associations 
during succession have not cyclic character; the 
hypercycle should be open (Chernyshenko 2005). The 
model of open hypercycle is similar, but not equivalent 
to Lotka-Volterra models of the competition or 
“predator-prey” type. The model reflects a connection 
between final stage of succession (and corresponding 
level of complexity of the system) and the size of 
ecological niche. In the contribution a three-dimension 
case of the open hypercycle model is considered; 
change of the ecosystem state is interpreted 
mathematically as a consequence of bifurcations. 
 
OPEN EIGEN’S HYPERCYCLE 

Let’s consider dynamics of ecosystem, which is 
described by the three-dimension open hypercycle model: 
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here   ,  xNхF   ,  xxaхF     xxaхF  
are known as Allen’s functions (Allen 1976); a , 

a , N , S , )(tx , )(tx , )(tx  are sizes  
(biomasses) of the associations, S  is capacity of 
environment, N is a coefficient which determine 
equilibrium size of the first association, when it 
develops alone; а  is a coefficient which describes a level 
of dependence of the second association from the first one, 

а  is the same for the third and second associations. 
 
THE EQUILIBRIUM POINTS OF THE SYSTEM (1) 

The system equilibrium points can be found as roots of 
the system of algebraic equations of the third order: 
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The solution is trivial; there are 11 equilibrium points: 

  P :   ,, ;     P :  ,,N ;         P :   ,, NaN ;         
 P :  NaaNaN  ,, ;    P :   ,,S ;      P :    ,, S ;  
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One of the signs of system bifurcations is merging of 
equilibrium points. It is easily possible to find 
conditions for merging of couples of the points:  
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Hypothesis 1. In the system (1) the bifurcation values of 
parameters are following:  
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ANALYSIS OF THE EQUILIBRIUM POINTS 

Let’s  consider the Jacobi matrix of the system (1): 
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Eigenvalues of the matrix (2) in the stationary points: 

for P  they are N ,  ,  ; 
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for P  an analytical form of the eigenvalues was not 
found. (The Descartes method (Berezin and Zitkov 
1959) is used for determination of the stress intervals 
of the eigenvalues. Three eigenvalues are negative, 
when   ;1/ 2110 aaaNS ; two negative and 
one positive when  2110 1;0/ aaaNS  ); 
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others are roots of a quadratic equation. The analysis of 
the equation shown that there is a pair of eigenvalues of 
different sign, if 
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a pair of positive eigenvalues, if  
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a pair of negative eigenvalues, if 
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On the base of these results one can prove that: 
P  and P are unstable complicated equilibrium points; 
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and with two-dimension stable subspace, if 
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 or a stable equilibrium point (node or spiral point) if  
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BIFURCATION POINTS 

Let’s determinate bifurcation values of parameters on 
the base of analysis of equilibrium points. The 
bifurcation diagram is presented in Fig.1. 
For values of the parameters from the regions I, II, III, 
IV, there are two complicated equilibrium points, two 
unstable nodes, three saddles with two-dimension 
unstable subspace, three saddles with two-dimension 
stable subspace and one stable node. 
For values of the parameters from the regions V, VI, 
VII, VIII, there are two complicated equilibrium points, 
three unstable node, three saddles with two-dimension 
unstable subspace, two saddles with two-dimension 
stable subspace and one stable node in phase space.  
When quotient of the parameters 0S  and N pass through 
value 1, one saddle disappears and unstable node appears. 
Let’s consider the phase portrait in the first octant, 
because of its importance for practical applications. 
Let’s note that there are not equilibrium points, which 
belongs the first octant for any values of the parameters. 
Thus, the point P  belongs to the first octant, when 









аN

S
, point P  – when 

N
S

, point P  – 

when 








aaa

aa
N
S

. One can see that when 
N
S  

pass through these tree values, topology of the first 



octant change. It is possible to summarise the obtained 
results by a theorem. 
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Figure 1: Sections of the parametric surfaces 









1

1.1
1

10

a
a

N
S ,    2.









аN

S ,     3. 

N
S

, 

4.








aaa

aa
N
S

,  5.  
 a

N
S

,  6. 

 211

0 1 aaa
N
S

 

 
Theorem 1. There are following bifurcation values of 
parameters for the system (1): 
1) 1/0 NS  (for the all phase space); 

2) 








аN

S
, 

N
S

, 








aaa

aa
N
S

 (for the 

first octant). 
Now it is clear, that the Hypothesis 1 is partly wrong. 

Thus, the equation 









a
a

N
S

 (when   ,a ) does 

not correspond to a bifurcation. When the quotient of 
the parameters exceeds this value, two-dimension stable 
subspace of the point Р  becomes one-dimension and, 
contra versa, one-dimension stable subspace of the point 

Р  becomes two-dimension.  
The similar situation takes place for the equation 

2110 1/ aaaNS  : the point P  becomes a stable 

node (spiral point), whereas the point P  changes type 
from a stable node (spiral point) to a saddle. The 
topology of the phase space does not change; therefore, 
there is not a bifurcation for these values of parameters. 
A special situation is connected with the equation 

1/0 NS . In this case three equilibrium points ( P , 

P , P ) merge into one. When parameters pass through 
this point, stability (and type) of the equilibrium point 

P  does not change, whereas the point P  becomes 
unstable node and two-dimension unstable subspace of 
the point P  becomes one-dimension. It can be shown 
that the bifurcation takes place in the first octant.  
Let’s consider the set of equilibrium points which have 
two nonzero components: the first and the j -th )( j . 
One can find coordinates of such equilibrium points 
from the system of algebraic equations: 
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From here   2/01 NSx   and   2/0 NSx j  . 
Such points form a subset of the set of equilibrium 
points of the n -dimensional open Eigen’s hypercycle 
model. Every point of this subset appears in 
nonnegative region of phase space, when 1/0 NS . 
So, 1/0 NS  is a bifurcation value. The fact, that at 
least n  equilibrium points take part in the above-
mentioned bifurcation. 
 
ECOLOGICAL INTERPRETATION 

Bifurcations, connected with change of stability of 
equilibrium points, are especially interesting from 
practical point of view. Only two bifurcation correspond 

to this criteria: 








аN

S
, 









aaa

aa
N
S

.  

From the analysis of equilibrium points it was clear that 
there are four possible stable equilibrium points; during 
the bifurcations they can change each other, and in any 
case only one point are an attractor:  

1. When








аN

S
, point P  is stable. In this case 

the size of ecological niche is so small, that only one 
association is able to exist in the ecosystem. 

2. When 




 






aaa
aa

N
S

а
, point P  is stable. 

With such values of the parameters (capacity of the 
environment) there are sufficient resources for the 
second association, which is in competition with the 
first one. 



3. When 




 

 ааа

N
S

aaa
aa

,  point P  is 

stable. In this case size of ecological niche is so big, that 
three associations are able to coexist in the 
biogeocoenose. And that they use all the resources. 
4. When  NSааа /1 0211 , point P  is 
stable. This case corresponds to an excess of resources. 
In the ecosystem there are three associations, which 
reach their maximal possible sizes. 
One of natural questions: why 2110 1/ аааNS   is 
not bifurcation value? When capacity of the 
environment S  becomes larger than  Nааа   , 
the topology of the system is not changed, although, 
formally, the new point becomes to be stable. Such 
situations are quite usual in mathematical investigations 
of equilibrium points and bifurcation. 
Concerning the bifurcation value 1/0 NS , it is 
difficult to determine its practical role. One can assume 
that this critical rate delineates various ways to stabilise 
the system if it is out of its steady state. 
 
CONCLUSION 

In the contribution, the three-dimension open Eigen’s 
hypercycle model (1) was considered. In the case of 
small (nonzero) size of the ecological niche, only one 
association is able to exist in the system. When capacity 
of the environment grows, the second and the third 
association are included in the ecosystem gradually. It is 
shown, that the process of origin of next associations is 
accompanied with bifurcations of system (1). When size 
of niche is  NаааS   , there is excess of 
resources in the biogeocoenose. The situation of 
appearance of excess of resources is not bifurcation, 
because topology of the ecosystem does not change and 
development of the system is continuous. 
As it clear from the research, the main parameter, which 
determines the behaviour of the system is the capacity 
of the environment S . Parameters a  and a  influence 
only on relationships between the associations. 
Analysis of three-dimension open Eigen’s hypercycle 
model, together with the two-dimension one 
(Chernyshenko, 1995), allows proposing of the 
following assumptions for n -dimensional case: 
1. In the process of ecosystem successions has n  stages. 
Each of them is characterised by activation of a new 
association. Number of “activated” associations is 
determined by size of the environment capacity S . If 
the  size of niche is small (  10 1/0 аNS  ), only 
one association is able to exist in the ecosystem. 
2. Each “activation” of a new association is 
accompanied with bifurcations of the system. It is 
interesting, that the first n  conditions of the 
activation are the same as for ( n )-dimensional 
system. 

3. There is excess of resources in the ecosystem when 

size of ecological niche is 





 

n

i

in

j
jaNS , a . Size 

of associations in this case is calculated as 







j

i
ij aNх , a , nj , . 

The proof of these assumptions is a matter of future 
research. 
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