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Summary. The article is devoted to the study of the contact interaction of a
prestressed ring stamp and a half-space (base) with initial (residual) stresses without
taking friction forces into account. The problem is solved for the case of equal roots
of the resolving equation. The study is presented in a general form for the theory of
large initial (finite) deformations and two versions of the theory of small initial
deformations in the framework of the linearized theory of elasticity for an arbitrary
structure of the elastic potential.
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AHHoTanms. CTaThs NOCBSLIEHA MCCIIEIOBAHUIO KOHTAKTHOTO B3aWMOJECHCTBUSA
[IPEIBAPUTEILHO HANPSIKEHHOTO KOJBIEBOrO IITaMma M IOJYNPOCTPAHCTBA
(OCHOBBI) ¢ HAYaJIBHBIMU (OCTATOYHBIMH) HANPSHKCHHUSIMU O€3 ydera CHII TPCHHS.
3ajaya pemieHa Uil Cllydas paBHBIX KOPHEH pa3pellaroliero ypaBHEHUS.
HccnenoBanue mnpeacTaBleHO B 0OIIEM BUIE Al TEOPUU OONBIIMX HayaldbHBIX
(koHEeuHbIX) JAepopMalMii W JABYX BapUMAHTOB TEOPUU MaJbIX HayalbHBIX
nedopmalvii B pamMKax JUHEAPU30BAHHOW TEOPUM YNPYrOCTU MPU MPOU3BOJIBHOU
CTPYKTYp€ YIpyroro noTeHIuana.

KaroueBble ciaoBa:  nuHeapu3oBaHHAs  TEOpPUS  YOPYIOCTH,  KOHTAaKTHOE
B3aMMOJICHCTBHE,  KOJBIEBOM  IITaMI, MOJYOPOCTPAaHCTBO, TapMOHUYECKUU
NOTEHIIUAJ, YIPYrHe Teia, TeOpusi OOJIbIIUX HAYaJbHBIX (KOHEYHBIX) JAepOopMalinid,

TCOPHUA MAJIbIX HaYaJIbHbIX )Ie(i)OpMaHHfl.

Problem statement. Contact problems are an important part of the mechanics
of a deformable solid and form the theoretical basis for calculations for the contact
strength, stiffness and wear resistance of mobile and fixed joints.

The applied needs of natural science, modern technology and the latest
technologies in recent decades associated with the necessity to predict the contact
behavior of various designs, stimulated the development of various mathematical
models and methods of contact mechanics of bodies with different properties [1-4].

One of the important factors in the contact interaction of bodies is the influence
of initial (residual) stresses. Despite a significant achievement in the development of
contact problems, nevertheless the issue of taking into account the initial (residual)
stresses in the contact interaction has remained almost completely undeveloped until
recently. There is known, that almost all elements of the construction have initial
stress. It can be caused by various reasons, for example, by technological operations
conducted in the manufacture of a variety of materials or by assembly of a structure.
In the case of composite materials, the initial stresses, as a rule, correspond to stresses
along the reinforcing elements. In the earth's crust, they are formed due to the action

of gravitational forces and technical processes. They must be taken into account when



solving the problems of deformation of soils (especially frozen ones). In addition, in
elastoplastic bodies, internal residual stresses can also be present after removal of
loads.

In the general case, consideration of the initial (residual) stresses requires the
using of the apparatus of the nonlinear theory of elasticity [4, 5], but for the
sufficiently large initial (residual) loads, one can confine ourselves to its linearized
version [6-10].

Allowance of initial (residual) stresses within the linearized theory of elasticity
leads to a new formulation of the problems of interaction of deformable solids, which
significantly differ from the formulation of the problems of the classical theory of
elasticity. Taken into account the problems when the initial (residual) stresses of the
system of basic differential equations, the expressions of determining the components
of the tensors of the stress-strain state and the structure of the boundary conditions
differ from the corresponding systems of equations and expressions of the classical
theory of elasticity, nevertheless, in their structure and nature they are similar to
ordinary contact problems. Thus, from the above, it follows the possibility of using
many fundamental results and methods of the linear theory of elasticity.

Analysis of recent research and publications. Linearized theory of elasticity
for the bodies with initial (residual) stresses as the linearization of the nonlinear
theory of elasticity [4, 5] was first proposed in monograph [11].

The fundamental results of the linearized theory of elasticity were obtained by
academician Gusem A.N. [6 — 10, 12 — 14]. For the first time, he solved a number of
contact problems for compressible and incompressible bodies by one of the most
effective approaches for materials with an arbitrary form of elastic potential and
homogeneous initial (residual) stresses. This approach is based on the theory of the
function of a complex variable for plane problems and potential theory for spatial
problems. Further development of the theory of contact interaction of bodies with
initial (residual) stresses was obtained in the works [3, 6-10, 12 — 19]. A general

analysis of the main methods and the best known results in all directions of the



contact interaction of bodies with initial (residual) stresses is presented in review
articles [15, 19].

The first equations of the linearized theory of elasticity of deformable bodies
[10] were obtained by linearizing the basic relations of the nonlinear theory, taking
into account the physical characteristics of the materials; these results are obtained
for small subcritical deformations in Lagrangian coordinates, which coincide with the
Cartesian coordinates in the undeformed state. Later the main relations were written
in curvilinear coordinates using the tensor analysis [20]; equations in displacements
were also obtained, for which in a homogeneous subcritical state some methods for
their solution are considered.

A modern analysis of the approaches to constructing theories and basic results
that are applied to the three-dimensional linearized theory of elasticity of deformable
bodies and the three-dimensional linearized theory of the propagation of elastic
waves in bodies with initial (residual) stresses is presented by the generalizing
publication, respectively [8]. With the using of approaches of the modern type [8],
modern analysis of the results is performed for a wide range of problems of the
linearized mechanics of deformed bodies, namely: 1) For problems of the contact
interaction of elastic bodies with initial (residual) stresses [15, 19]; 2) For the stability
theory of the local equilibrium state of black rocks [13]; 3) For exact solutions of
plane mixed problems of linearized mechanics of deformable bodies [9]; 4) For non-
destructive ultrasonic methods for determining stresses in solids [14].

There are also a number of other generalizing publications about linearized
mechanics. Moreover, the works mentioned above are only fully or partially related
to the subject matter of this article. More widely the history of development and the
range of problems of the linearized theory of elasticity are presented in [19].

Thus, the development of effective methods for calculating the stress-strain
state with allowance for the initial (residual) deformations within the framework of
the linearized theory of elasticity is an actual and important scientific and technical

problem.



Isolation of previously unresolved parts of a common problem. Today, in
accordance to the problems related to contact problems for elastic bodies, results have
been obtained on a wide range of issues. They are represented by works [6, 7, 12, 16,
17, 21, 22]. There are also a number of general publications [5, 23, 24], which are
fully or partially related to the subject of this study. Despite significant achievements,
the number of studies on the contact interaction of prestressed bodies is relatively
small.

A rather detailed review of the work of rigid stamps (including ring ones)
associated with contact pressure in the case of absence of initial stresses is given in
the monograph [25].

The contact interaction of rigid and elastic stamps with prestressed bodies is
presented in [3, 6, 7, 12, 16, 17, 21]. Moreover, either the elastic potentials of a
particular structure are considered, but also the problem is considered in a general
form for compressible (incompressible) bodies with the potential of an arbitrary
structure on the basis of the linearized theory of elasticity.

The solution of an axisymmetric contact problem on the pressure of a rigid ring
stamp of a complex configuration on an elastic layer with initial stresses is considered
in [16]. The influence of initial stresses on the contact interaction of a rigid ring
stamp on an elastic half-space with initial (residual) stresses is presented in [18].

Purpose of the article. In this paper, for the first time (residual) stresses, for
the bodies with initial (residual) stresses [6, 7, 10, 12, 15], the problem of the
pressure of a prestressed elastic ring stamp was first considered for a half-space with
initial (residual) stresses without allowance for friction forces for equal roots
resolving equation [7]. The investigation is carried out in a general form for
compressible and incompressible bodies for the theory of large initial deformations
and for two versions of the theory of small initial deformations for an arbitrary
structure of the elastic potential.

The concept of research of this article is that taking into account the influence
of initial stresses in bodies on the law of distribution of the contact characteristics of

elastic bodies at the points of their interaction can allow for more effective



consideration of the wear resistance of materials by properly estimating their strength
reserves. Also, it can sufficiently reduce their material consumption, while retaining
the necessary functional characteristics of materials.

Therefore, to ensure the above, the methodology for solving the task is divided
into two stages - analytical and numerical. The result of the analytical stage was the
formulation of the ratios of the components of the stress-strain state in the contact
zone, which are characteristic for potentials of arbitrary structure. A numerical
analysis is given for a potential of the harmonic type. Plots of stresses and
displacements in the contact area are constructed.

Presentation of the main material.

1. Basic relationships. We will distinguish such states of bodies with initial
(residual) stresses: natural (initial stresses absent), initial, and disturbed state. All
quantities, the last, consist of the sum of the values of the initial state and the
corresponding perturbations. Since the perturbations are assumed to be smaller than
the corresponding values of the initial state, the investigations are carried out within
the framework of the linearized theory of elasticity [6, 7, 10, 12, 15].

For the study, we use the coordinates of the initial deformed state (yi1, y2, Y3),
which are related to the Lagrange coordinates (xi, X2, X3) (natural state): yi=\i Xi
(i=13). Here A; (i=13) are the elongation coefficients that determine the movement of
the initial state 2; =const (i=13). The y; axis is directed along the normal to the
contact area.

We assume that the initial states in the ring stamp and the half-space are
homogeneous and equal, and the elastic potentials are twice continuously
differentiable functions of the algebraic invariants of the Green's deformation tensor
[7, 24]. In this case the relations are:

Ym =%m +Um, Up =8 O =D, -
Then the basic equation in displacements for compressible bodies has the form:
LioUq =0, Lin, = o 8/, , (i,m, o, B=L1,3), 1)

and for incompressible bodies together with the incompressibility condition:



Lr'naU(x +q(;m apl/ay(x =0, thﬂa = Ki’mO.B az/ayiayﬁ ' qI’J aUJ /ayl =0, qI,J :xiqij' (Ia jl m, o, B :Tg) (2)
Expressions for determining the components of the stress tensor for

compressible and incompressible bodies are written as:

Q —of ou, Q —x aU“+q’p o~ Likg © o Likg ,
1j ijaf 5)’37 ij ijjop ayﬁ ij M Yijop }"17"2}"3 ijjopr Mjap 7"1}"2}"3 jjap 1

where o),.s xms - the components of the fourth order tensor of the elastic moduls,
P = (A0) ™ {[ Ruvss — A (Aly) ™ (Russs + Frass) | Ay + Rayis 020 Y5 | 0203 7

For homogeneous initial stresses sit=s?=0; s¥=0, 1,=1,#1,, We express the roots
of equations (1), (2) in terms of the roots of the differential equation:

(A +87 8% [ay3)(A +85 80 Y31 =0, 3)
where A, =%/ar? +rajor .

Taking into account the condition of the existence of a unique solution of the
linearized theory of elasticity for compressible and incompressible bodies, two
versions of the representation of the general solution (3) are possible:

1) The case of equal roots &2 =¢?):

L=+ Yoo, (A +EF 0°/0Y3 )7 =0, (A +E7 8°/0Y3 )7, =0 (4)

2) The case of unequal roots (g2 =&2):

T=Ta+ Ko (A +EF 07/0Y5 )7 =0, (A +85 0%/0Y3 )7, =0. (5)

In this study we dwell in detail only he case of equal roots of the resolving
equation (3).

2. Formulation of the problem and border conditions. Let the finite
prestressed ring stamp with a flat base, whose geometric axis of symmetry coincides
with the ys; axis of the cylindrical coordinate system (, 6, y3), which is directed into
the half-space (Fig. 1) and presses on the half-space with the force P, after the initial
deformed state. R,R,— internal and external radii of the stamp. We assume that the
external load is applied only to the free end of the resilient stamp. Under the action of

the load, all points on the end of the stamp move in the direction of the symmetry

axis ys by the same amount ¢. We assume that the surfaces outside the contact region



remain free from the influence of external forces, and in the contact zone of

displacement and stress, they are continuous.

Fig. 1. Pressure of a prestressed annular stamp on a half-space with initial (residual)

stresses.

The materials of the contacting bodies are assumed to be isotropic
compressible or incompressible with an arbitrary structure of the elastic potential. In
the case of orthotropic materials, it is assumed that the elastic-equivalent directions
coincide with the directions of the coordinate axes (y1, Y2, Y3).

The quantities that relate to the elastic stamp will be written with the
superscript (1), and the quantities that relate to the pre-stressed half-space with the
initial (residual) stresses - with the superscript (2).

In the system of circular cylindrical coordinates (r, 0, z), where z =v'y,,
v, :ﬁ , (i=12), n=¢7 n,=¢? such a formulation corresponds to the boundary
conditions:
1) at the end of the elastic stamp z, = Hy;*
UP=— QP=0 (R<r<R) (6)
2) on the boundary of an elastic half-space in the region of contact z;=0:

1 2. AW 22). A 5(2
UP =UP; G =62 6P =GP =0 (R<r<R,) (7)



3) on the boundary of the elastic half-space outside the contact region z;=0:

3@ =0, UP =0, QP =0 (0<r<R, R,<r<o) (8)
4) on the outer side surface of the elastic stamp r=R;:

QW =0, Q¥ =0 (0<z <HvY) 9)
5) on the inner side surface of the elastic stamp r=R;:

QY =0, QY =0 (0<z<Hv") (10)
The condition of equilibrium, which establishes the relationship between the

draft of the butt and the resultant load P, is:

P= —27:_[ rQ{2(0,r)dr (11)

To determine the stress-strain state in an elastic ring stamp with initial
(residual) stresses, we use the linearized equations (1) - (2), from which the
expressions for the components of the displacement vector and the stress tensor for
compressible and incompressible bodies follow. Then the general solution (4) for the

case of equal roots n; = ny of the resolving equation (3) is taken in the form

vz (L+v,z)) +i v,2,v,B, 1+V,2)) {1+ m, f(RLR)+
= .
(Rl_Rz)(l_mz) k=1 R1_R2 1-

(v, V,R) = I, (v, V,R) ([ v,0, 3r?—2z? ~ ~ .
40 Yk 1R|;1+R02 TiViRo 1_1;12 — 3 1 + (A +vZ,B) (v vir)sin(y,vyz,) +

+Jo (0 21)(S~2 (0, 2) + V121§3 (o Zl))> N,

eV, -/ V27, B J1+m,
TR R m)+;< {1— BB R+

R+R,

ev,z
171 +

vzlyk 1+m2f(R R,)+
R-R)A-m) & o

" (v ViR) = I (v i R,) [1\11(; 3 - 22 j} + Akl (vour)sin(y,viz,) + Jo (o 1)8 (o, l)>
X2 = <

I, (v v,\R) —1,(y,v,R v,0 3r? —22 ~ . ~
+ lRél_i_ng ALY 1_1;] + Bl (v ) sin(y,v,z,) + 3o (04, 2,)S5(0y ;) )N,



2 2 2
where el:4Hm1(%+ H)+ R +RR,+R; 2H ’
A 3 n

£(RuR:) = ~RIG(1R) + T Lo (r R (104R) 22 L (rvR) o (iR +

+ R, 1 (v viR;) — 2 Lo(vivuR) L (v R, )"’ 2 L (v iR ), (v iR;)

S, = E,sh(a,z,) + Ekch(akzl), S, =sh(a,z) + M,ch(e, z,), M, =—cth(o, Hv,*), F, =—s,a;’,

—~ —~ e 2 p— —_—~
Ek — HCch(OLk Hvl—l) _ chth((lk Hvl—l) _ H 1 A( _ ( RSOH (Io(’kalRl) IO(kale)) _ SO + EJ Bk!

2r]1(R22 - R12)|1(VkV1R) Vﬂi 2
B, = % (R22 - Riz)‘JO (o R){H oy (EOSh(ak HV171) + 61(1_ ch(oy, Hv{l))(l — Sosh(ay val)) +

+ (L= ch? (o HV, )% (G + &, — &) — GoSo) /11 (ch? (o, Hv; ) —D[H (L&, + H (35, + 28, —
—4E)) (1o (1R ~ 1o (Y iR,)) + S (RE =R, (v viR) |
R=(R,—R)H(r—R) — (R, —R)H(r —R,) +8(R))(2R, = R,) +3(R)R;,

H(x) - the Heaviside function, §(x)-the Dirac function, L, (x)- the modified
Struve function, J,(x), 1,(x)—the Bessel functions of the real and imaginary

argument, respectively.

_ (@111 — D}y ) (@155 + Dlag) m. = (@133 = 313 ) (]33 + (01'313)_1, Sp = (@+m,) ,
A0 (405) 7 ’ 1 1+m,)

-1 -1 -1
&= {(ﬂinl@hzz’ < _{nhk3m1133 (01120M) c _{7‘3@&133(”12 —D(o112oMm)
0 1 17 -1 2T -1

Ay (1133 + K1313) (AaUskiaz) (1c1133My — K3113)(K1120M) —K3113(K1120M)

Then we obtain formulas for the displacement components for compressible
and incompressible bodies:

k=1

Ur(l) = _Z{Géék)r (V{l + 221)"' AANAAY [('&k +V121§k )7k Cos(y,\yz,) + gk Sin(7kvlz1)] -

a3, (@] @y (S (@) +vzS (e, ))-és(akzl)]}Nk

uw - > {12mi(f(§“)zlv1’1 (v +2,)+@-m)y* [ﬁék) +3C{0(r? 27 )} + (12)

-R, «a
+Yilo (vi\iar) [('Ak +v,7,B )lek sin(y,v,z,) +(@—m,)B, COS(kalzl)]

—aknl_l‘]o(akr)[mlak (S5 (ouezy) + 2S5 (042, ) )+ (M, —v,Sg (akzl)}} N,.



And the components of the stress vector for y,=const and r=const,

respectively:
O — 44Z{lZC‘k [(1+ m,)|, (vl‘1 + zl) +(1+ mz)lzzl] + 7221 (7, v,r) [(1+ m )Ly (A +
+v,2,B,) cos(y,v,2,) +(1+m, ) 1,B, sin(ykvlzl)] -
~af 3 ()] (1+m ) e (S, (@) +wzSs (@) + 2+ m LS, (@2) i N,
b -C, :1 {—GCék)r (L1+m, )V, "+ p2v L (Vi) [(1+ m,) 7, (ﬂk +v,2,B, )sin(ykvlzl) -
—(1+m,)B, cos(ykvlzl)] +
a3y (@) @ (L m) (S, (e42) +vzSs (@42 + (14 m,)S, (@) N, (13)
Q, =- 4421{6(35") [v1’1(1+c0 —26,)+(3+¢, —4¢, + 262)21]+
1Y (ykv1 I (ykvlr)[yk (6 - Cl)(,5k +2,,B, )cos(ykzlvl) +
+(€) — 6 +6,)B, sin(ykzlvl)] +(1=6) L (run)r [yk cos(ykzlvl)(ﬂk +2,V,B, ) +B, sin(ykzlvl)]) -
—a (akJo(Oﬂkr)[akVil {€S4 (o) -

_q§2(akzl)}+(co_cl+cz)§3(akzl)]+(l—CO)Jl(akr)r [onkv1 Sy (oyz,)+S; (ockzl)])}Nk,

where S, =E, ch(o, z,) + F.ch(oy ), Ss =ch(a,z)+M,sh(a,z,),

AK) _ Vi vi0, (I, (7, v\R) = 1, (7 V,R,)) S
YRR 22{(1”“)””) Pt
éék) 3(R2 )kzzl‘, I o (VR — |o(7kV1R2)}7k ék

{a’{m ) {601'313 ,
Dy =9 Cu=19 |
K 1129+ K 1313

K 1315 (K 13y 403 (K a05— 151 ) (Aes + 4,041,) ),

)
| = {w1313 (31 + (D13 — O30 (@135 + Dfay5) (@10 + @135) )
1

| = {(a)ém (M +m, =1) — ;55N ) (M@, (1+ mz))_lf
27 ] -1 ] 1 1 -1_,- 1 ' —
(K335 M + (4 1q1 lﬂst’( 1111~ 2K 1133~ K '1313) M — 34, 1(:11 1/13%’( a113) (2N 55) g



Stress-strain state in the elastic half-space with initial (residual) voltage equal
to root (n;=ny) is defined by harmonic function Hankel integrals. Having satisfied the

third condition (7), the third - (8), after a number of transformations we have

033 0 T]
@ =% TEmImndn, QP =0, (14)
Rz Rl 0

where o, =Cyh@+m)(s—s,), @ =S, —1, s=s, ||2
1

3. Materials and Methods.
Using the solution for the cylinder (12) — (13) and satisfying the second
condition (6), the second condition (9) and the second condition (10), we find the

eigenvalues of the problem (6) — (11) (for the case of equal roots n1 = ny):

Yk:w, ak:% (Jl(uk)ZO)- (15)

Having satisfied the first conditions (7) and (8), we define the unknown

function F(n) for (14) from the pairwise integral equations (for equal roots):

TF(T]) Jomr)dn=f(r) (R <r<R,), IF(n)JO(nr)dn=0 (0<r<R,R, <r<m), (16)
0 0
where f(r) = R R +k2<(A§k) +3r2C(k)) +Yk lo(rvar)@—m,)By — _k‘]O(ak r) (Mo B +vy (M, 1))> Ny -
2 1 =1
The application of the inversion formula to (16) leads to an integral equation of

the Fredholm’s type of the second kind with respect to the function F(#), that is

F(n) = 205 ) <8+ i{(]ﬂr m,) f (R, Ry) + lo(risR) — o (rRy) (V0 —(1— mz)(Rz2 - Rlz))YkLS’k\l’o (m,0)+

n (R, —R k=1 R, +R
+(R, - Rz){ykwo(n, i (R, = R))(L—my) By +%w0 ()@ mp)y —50"‘1)H Nk> , (17)
where rae v, (x, y):It“ cosxtcos ytdt, o (x,y) = XSi”X‘:osxg:ifi“ycosx, Wo(x,0) = 3%
o (X,iy) = Xsin xc:é/ii;szhycosx, o (0,iy) :shTy .

Having satisfied the second boundary condition (7), we have

I quﬂ) (J;(MRy) = I (NRy))dNn =Cy, i<2|1(1+ M)y (o (ViR = 1o (v i R2)) ék + Y5V1|1(1+ m)(Ryly (v Ry) =
0 k=1



~Rel (iR A — oy (Ry 3y (o Rp) — R1|1(0H<R1))(\|/i (L+my oy By + L+ mZ)IZMk)> Ny -
1

Having satisfied the first two boundary conditions (7), taking into account the

orthogonality of the Bessel functions Jo (ukp) and the values of the integrals

© 1 0
[nwn () dn[ p3oMmp)do (uP)dp = win (o, i), [ wo(m )i (n)dn = wo (0, ),
0 0 0

[wo(n,0)3;(m)dn =1,
0

Rz 1
,[ pdo (P)Jo (o p)dp = ﬁ(RlunJo(Hle)Jl(Hn R) — Ry Jo (R J; (i Ry) =

R K —Hy

—Rotn Jo (e R2) I3 (1, Ro) + Roby Jo (10 R2) J1 (1R, ) -
to determine the constants N; (i = 0,1,2, ...) that occur in (12) - (14) and (16),

we obtain an infinite system of algebraic equations
i Todn =B (K=0,12,..). (18)
n=0

We represent the coefficients of the system in the form

4 = {(u M) (R Ry) + 1o bR = LolIRe) 0, — (2 — Ry m»)}vnﬁk +

+(R - Rz){Yngk L =my)y, (0,iy,v,R) + %‘Vo (0, )(X—my)v, + mlso)}_

-C,, {2(1"' m)kLy, é-k (lo (v viR) = 1,(y v\R,)) + 'Yﬁ A+m)lv, (R, 1, (v, vR,) —

— R (T RV A =04, (Rpdy (,R;) = RuJ (o, RN+ M), 'or B, +(1+ mZ)IZMk)}l

2004

b= mRR,

Using the equilibrium condition (11), we establish the relationship between the

draft and the resultant load P in the form

_(waﬁi{[“o(mm = 1o (o uR)(W0; = (R — RE)(L—m, )y, -

-1~ mz)Vl_lSh(kal(Rz - R1))]§k +Vl_l sin p, (M, =1)v, — SOrnl)}Nk .

Having determined the unknown constants N; (i=0,1,2,..) from the system (18),

we calculate the displacements and stresses both in the elastic stamp and in the elastic

half-space by the formulas (12) - (14). As a result, we represent the solution in the



form of series through an infinite system of constants, which are determined from the
system of linear algebraic equations (18). Moreover, in the system (18) the

coefficients B, and <, depend on the quantities that determine the structure of the

elastic potential, the height of the elastic stamp H, and the free terms depend only on
the roots of the characteristic equation ns, na.

4. Numerical analysis. The numerical solution of the system (18) is carried out
in the work by the reduction method for the harmonic potential at such values of the
parameters: R=1.0, R,=2.0, £¢=10"°, E=3.92, 6=0.47, 1,=0.7, 0.8, 0.9, 1.0, 1.1, 1.2,
1.3,, where R <r<R,. The algorithm for solving this problem is implemented in the
form of a computer program in the package Maple 17.

On Fig. 2, 3, there are, respectively, the distribution of the normal contact

voltage 1o, and displacement 1y, under the ring stamp in the contact zone in
€ €

dimensionless coordinates. Moreover, the values of the elongation coefficients A1
correspond to the curves from the bottom up ascending A;. The dotted curves
correspond to a half-space without initial stresses (A = 1), and solid curves

correspond to initial (residual) stresses.

_— M=13

— M=12

— AM=1.1

-

— M=10
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_—M=08
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Fig. 2. Normal contact voltages. Harmonic potential

On Fig. 2, the origin along the r axis corresponds to the value.



The quantitative characteristics of the influence of the initial (residual) stresses
(in percent) with respect to the half-space and the ring stamp without initial stresses

are presented in Table 1.

Table 1. Influence of initial stresses on the contact interaction of an elastic

~ AM=1.1

- M=1.2
A1=1.3

Fig. 3. Normal contact movements. Harmonic potential

half-space and an elastic ring stamp (potential of a harmonic type).

633/ 60 Decrease, % Increase, %
)”rl 0.7 0.8 0.9 1.0 1.1 1.2 1.3
0.1 72.6 25.5 33.1 0 37.4 48.3 96.9
0.2 74.3 30.1 37.4 0 28.6 38.7 84.1
0.3 74.4 30.3 37.7 0 28.0 38.1 83.4
0.4 74.4 30.4 37.7 0 28.0 38.1 83.3
0.5 74.4 30.4 37.7 0 28.0 38.1 83.3
0.6 74.4 30.4 37.7 0 28.0 38.1 83.3
0.7 74.4 30.3 37.7 0 28.0 38.1 83.4
0.8 74.3 30.1 37.4 0 28.6 38.7 84.1
0.9 72.6 25.5 33.1 0 37.4 48.3 96.9

From Table 1, we can see that the initial (residual) stresses under compression

lead to a decrease in the stress force in the elastic ring stamp and half-space, and

when stretching, they increase.




Table 2. Numerical values of the force Pre.

[Torenmman M 0,7 0,8 0,9 1 11 1,2
rapMOHHUYECKOTO
TUIA P/e 0,3458 | 0,4128 | 0,4401 | 0,4521 | 0,4567 | 0,4576

Table 2 also shows the ratio of the numerical values of the force P, which acts
on the upper end of the resilient stamp, for given initial (residual) stresses with a case
without initial stresses. The case without initial (residual) stresses is highlighted in
table 2 in bold type.

Conclusions and offers. On the basis of numerical analysis, it can be seen that
the maximum values of contact displacements (Fig. 3) are achieved at points slightly
closer to the outer side of the elastic ring stamp in the contact area.

In addition, it follows from numerical studies that, under constant external
loading, a change in the elastic potential leads to a change in the character of the
distribution of contact stresses and displacements under an elastic ring stamp. And
the influence of the initial (residual) stresses on the stress-strain state of the elastic
half-space, into which the elastic ring stamp is pressed, is as follows:

4.3.1. The initial (residual) stresses in the half-space and the stamp are reduced
in the case of compression (A1 <1) to a decrease in stress, and in the case of tension
(A1> 1) - to increase (Fig. 2, Table 1);

4.3.2. In the case of displacements (Fig. 3) - on the contrary. With
compression (A1 <1), the initial (residual) stresses in the half-space and stamp cause
an increase in displacements in absolute value, and in the case of stretching (A1> 1) -
to reduce them. And for contact movements unsafe are the initial (residual) stresses in
the case of compression, and for contact stresses - in the case of stretching;

4.3.3. In the absence of initial (residual) stresses (A1=1), the results obtained
coincide with the classical ones [26].

4.3.4. 1t also follows from Table 2 that for a constant value of the end face of
stamp ¢ for a potential of a harmonic type, the presence of initial (residual) stresses
leads to the following:

4.3.4.1. In the case of compression (A1 <1) - the resultant load P decreases;



4.3.4.2. In the case of stretching (A1>1) - the resultant load P increases.

Analysis of the research results shows that the presence of a prestressed state in
the contact interaction of an elastic ring stamp and an elastic half-space makes it
possible to regulate the contact of stress and displacement when calculating the
design and details of the mechanisms for strength.

Therefore, the practical significance of the findings of the study is that:

1. This research is aimed to solving the spatial axisymmetric static problem of
the pressure of an elastic ring stamp on an elastic half-space with allowance for the
initial stressed state. The results of the investigations made it possible to formulate
the characteristic ratios for the potentials of an arbitrary structure for the components
of the stress-strain state in the contact zone;

2. Analytical relations are obtained the reflect the influence of initial stresses
on the law of distribution of contact stresses and displacements;

3. The principle of solution proposed in the article can be used to study various
isotropic, transversal-isotropic or composite materials in the design of process
equipment, columns of buildings and other structures.

The value of the studies carried out is that taking into account the influence of
the initial (residual) stresses in the bodies on the law of distribution of the contact
characteristics of elastic bodies at the points of their interaction can allow us to take
into account, more effectively, the wear resistance of materials by properly estimating
their strength reserves. Also, it can sufficiently reduce their material consumption,
while retaining the necessary functional characteristics of materials.

Consequently, the observed effect of the initial (residual) stresses is significant

and must be taken into account when calculating the strength in structural details.
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