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YK 239.2
H.H. Tuxtapyx

YIPYI'ASI ITOJIOCA C HAYAJIBHBIMHU (OCTAT OYHbIMH)
HATNIPSIKEHUSIMM 11O | AEMCTBHUEM EJITMHUYHOM CHUJIBI

§1. Beenenne. 3anaun, BO3HHKAIOIWIME MpPU Iepenave Harpysku OT Hakmaaku CKpeIIeH-
HOIT ¢ ynpyroit nosnocoit (NnacTuHOM), Knaccu4eckoit TCOPHH YNIPYrOCTH BHOBb HPUBJIEKIN
BHIMaHHE B CyuasiX, KOr4a B MOCHENHeH BOSHUKAIOT HAYaJIbHbIE (OCTATOUHbIE) HAMPSIKEHHUS,
Ocobast HeoGXonMMOCTb BO3HKKaeT B CHJy MX BaXHOCTH, MPH UCCIENOBAHHU KOHCTPYKLMit
B0OOUIE M OCOBEHHO B CBA3M C MPOCKTUPOBAHUEM KOHCTPYKUMII JeTaTeNbHbIX annapaTos.
HosonbHo wmpokmit crimcok JIMTEPATYPLI, OTHOCAIUMHCS K YIIOMSIHYTBIM CTATHCTHHYECKHM
SA1A4AM KNACCHYECKOH TEOPHM YHPYrocTH BOCXOZUT K Kiaccuyeckoii paGore E. Menana [6],
B KOTOPOJi paccMaTpuBaioTCs ape (yHnamenTanbhbie 3anauu reco NPUMbIKAIOIIHE K HCCIIe-
AOBAHUAM HACTOALIEH CTATHH. AHANOrMYHAs 3aKa A s YIPYro#H MOJIyMmiockoCTH ¢ Hayasb-
HBIMH HANPSLKEHUSIMH HCCNenoBaHa B paGoTe A. I y3st [1].

B Hacrosimeit cratbe B PaMKax JIMHEAPU3UPOBAHHON TEOPUH YNPYrOCTH M3NAraeTcst mo-
CTAHOBKA M PElIEHHE CMELIaHHON 334341 06 OThICKAHMH (yHKUMHM BauAHus 15 ynpyroit mo-
JI0ChI ¢ HAYATbHBIMH (OCTATOMHBIMI) HaNpsHKeHUsIMA (TOJLUMHBL /) OT #eiicTBHA cocpenoro-
YEHHON Harpysku I’J(yl), N0 HAmNpaBJICHHIO MOJ YIJIOM & K OCH Oy, (puc.1), rae d(yl)-
eanHnHas Gynkuus qupaka.

Puc. 1

Bee uccnenosanust Boimonnens ais CKUMAEMbIX U HEC)KHMAEMBIX TEll B CIY4ae YNpyrux
NI0TEHUHATIOB MPOU3BOJILHON CTPYKTYpbI, B obiuem, BUMIE UK Teopuu GOMbLIMX (KOHEYHbIX)
HadaneHeIX aepopmatmit. Ins nepexona k PAa3JIMMHbIM BapHAHTAM TEOPUH MAJIbIX Ha4alib-
Hbix reopmavinii HeOBXoaMMO BBECTH ynpoueHue, ykasaHHoe B [3].

§ 2. ['paHnUHbIE YCIOBHS M HCXOaHDIE COOTHOLUEHHS.

Bynem cunrats, uto HawanbHoe cocrosHue B YOpYroii onoce ¢ HavaIbHBIME HanpsKe-
HuAMU - (—00 < Y, < o0;—f < Y, <0) SBISAETCH OOHOPONHBIM M BBITIOIHSIOTCS YCJIOBHS IO~
ckoit nedopmaruu [1], T.e. A4 =1 sz =0. Crnenys [3] uccrenosanue MPOBEJIEM B KOOpOM-
HaTaX Ha4anbHOro NePOPMUPOBAHHOIO COCTOSHHIS Yi» KOTOpbIE CBSI3aHBI C JIArpaH)KEBBHIMU
KOOpAHHATAMU €CTECTBEHHOrO COCTOAHMS COOTHOMIEHUSMH: Yi=4x, (i=12), roe A, - Ko-
spduumentsl ymHerus, OMpEAENIAOHE [EPEMELIeHIUs HAYAIbHOTO COCTOSHUS,

Hnst onpenenenus noas YOPYTUX NepeMellenuii n Harpsokenuit (GyHkiumn BJIMSIHUSA) OT
NPHIIOKEHHOM Ha e rPaHM COCPENOTOYEHHOM CHUTbI Pé'(yl), TIPUJIOXKEHHOM NOM yrioM a, K
ocu Oy, monyyaem crenyrowme TPaHHYHBIE yCIOBUA HA KPOMKE ynpyroil monocsl npu

Y2=0 (puc.1)

sz()’lno):“PSi”a'a()’l); Qzl(yl'o):_Pcosa'5(y}), 2.1
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Ha JIMHWUHA COCAUHEHHUS YIIPYroH MoJioChl U MOJYMJIOCKOCTH MPpU Y, = =1

U,(y,.~)=0; U,(y,~t)=0. 22

Cutenys [3], BbIpaxceHus [UIs epeMELLEHNUIT U HAMPSDKEHHIT IPAHUYHBIX TOYEK MOJIOCHI ¢
HAYaJIbHBIMH HATPSDKEHUSIMU B CITy4ae PABHBIX M HEPABHBIX KOPHEH ONpenessioulero ypas-
HEHUsI, 3aNULIEM B BUIE

(/l(yl’x_/):i T[L“P(Al + A2)+0’21[(Bx +B2)]EXP(*’.Q)’1)‘1(1,
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0. (V ) L44(l+ml b J-[[ (4, +54,)+ az,[(B, +SBZ)]“"P(_"C’)'\ Ma,

Q” X )7 i 644(l+m1)

=g = e Ml B s [+ sot o

2
1+m / my —1
3nech z, 7(11)2)/2, So:l+m; g s;—sof_; 5= ,2;1] :
[ (4+B2)= (4 + Bz)cheaz, + Blaz, Jshaz, ; n o=n,,
: Achoz, + Bzch(azz),‘ ng#ny;
(4 B2)= {(A +Bz)oz, ) ' shaz, + Behaz,; no=n,;
Ashez, + Blaz, )" shaz, n #ny;

3necw /,, m,, ¢,y - NapamMeTpbl, ONpPEENIIOLME HAYATbHOE COCTOSHUE MOJIOCh, A, - KOpHI
onpenessitouiero ypasuenusi [3], (i =12).

Y HoBneTBOpHB rpaHuuHbIe yCnoBus (2.1)-(2.2) ¢ yuetom (2.33) mocne psana npeotpaso-
BAHUM 115 OMpeneaeHns Heu3BeCTHbIX kodpduuuentos A,B (i = 1,2) B CJIy4ae paBHbIX i

HEPABHBIX KOPHEH ONpeneNstoero ypasHeHus [3] noay4um cucreMy ajnrebpandecknx ypas
HEHUI:

T ey

1J1% PaBHBIX KOPHEll 1y =n, .
A+ A5 =ny;

4
B, + Bysg =my;

Aichp, + 4, (ch(p, + ¢1shqol)— Bisho, - B, (5h¢’1 +@chg, ) =0,
— Aishg, — A, (s,sho, + o,chp, )+ Bichg, + B, (s\chg, + g;sho,) =

IJIA HEPABHBIX KOpHEH ny # n,

A A4S =ny;

25
By +Bysg=mg;

Acho, + Aycho, + B,pshg, — B,shp, =0;
A,p15hp,

— A,5,5h@, + Bychg, + B,s,chg, = 0.
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ny =Ly _mPeosa, 2 g - (-12) (2.6)
[ C I ac, (1+m, ) acy, (1+m,) \/Z
B-
Peurns cucremsr (2.4) 1 (2.5) Haiigem ko3hduumrentsr A, B (l' =12), KOTOpbIE BbIpaxa-
I0TCH Hepe3 mapaMeTpel, onpenensiomHue HaYATbHOE HAMpPSDKEHHOE COCTOSIHUE YNpyTroif 1o-
| Jocbl. Belpaskenus st ytix KOS (ULHEHTOB HAXOMMM COOTBETCTBEHHO:
VA PaBHBIX KOPHel ompenensouero ypasHeuus [1] » = n, naxomum:
3) 4, = { ny [—‘s, (50 +1)shp, — 2 + (s, - So )J+ mo[- s5yshpyche, - si, & @7
| 4, = é’u [(51 ~55)- 5sh’p, ]+ mgy [(/’1 +5shgchg, ]}ffl
B, = {—n(J [~ SoS15hochg, ]+ m lsEoshqul +of AYH J}{fl 238)
! B, = {nﬂ [~ K‘lshzgolch@ + @ ]+ m, [, Elsh2¢l + E]}ﬁ’
VA HEpaBHbIX KOPHEIt onpeaensiomero ypagHenus [1] ny # n, naxoaum AB (i= 1,2)
{ 4, = { ny l"{)wl (a)' 51800, (a)- 2“'13}’2(/72 -5 J‘ my [3‘51 , (a)+ Swy (a)]}fl‘l (0’)
4, = {”o [So (4012 - 2)"}72@1 +s0,(a)+ P, (a)- 50]*‘ mg [SI(/JI(UZ (a)* @3 (a)]}fz—l (a)
| By = {”0 [50510)3 (a)~ Sopr@, (a)]+ m, [551“’1 (a)+ S0, (a) = sch2¢, ]} o
) S . 2.9)
By =y, [¢71w2 (X) — 81005 (a)]+ m, [51 ((pl e 2)"}7 P~ 519,00, (a)+ 2 (x)— 5]}52
3nech BBeneHbI cnenyowue 0603HaYSHHUST:
sho,chg, = w, (x), chpichg, = o, (x),' shoychg, = w, (x),‘
. choyshg, = w, (x),' shoisho, = o, (x)
i S=1-s; Sp=1-s5; So =1-s,.
; ‘fl(a):(s‘su)(sl “1)5/72@ +of +(51 "50)(5‘51)> (2.10)

&la)= ss,0lsh* g, - ssgch? g~ (s,5, - s)pa, (x)+ (s = S, )chwlch(oz = $,ch2¢,. (2.11)
Moncrasus 3uauenus 28)u(29) s

HaYaIbHbIMU HarpsOKeHUsIMU 1151 PaBHB!
BUIE

(2.3) Haiinem yHkuMO BusHUS B YIpyroi nojuoce ¢
1X . HePAaBHBIX KOPHEil ONPENEIAIOLIErO YpaBHEHMS B

1 7 e
”11(V1:YZ)=EJ’H11(Q1J/2)‘? Pda

(2.12)
1 7 4
”12()’1’)’2) %2 Ile(al)'z)e da

PaccmoTpum aBa ciiywas rpannumbIX Tovek (v, =0) ynpyroii nonocs: ¢ HA4aJIbHbIMH Ha-
NPSKEHUAMHI

L Eanununas cuna 5(}/1) AEHCTBYET HOPMANIbHO K BEpXHeit FPaHy ynpyroi rnoJiockl ¢ Ha-
HaTbHBIMK Hanpsokerusmu (P = 1).
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B stom ciyudae (puc.2) cMelleHHe rPaHuYHbIX TOHEK (y, = 0) ynpyroii MON0CH ¢ Havalk-
HBIMH HalpsLKEHUSIMH MOXKHO BbIYHCIIMTD 110 GopMynam: acy
1=
u, (v ,0) =u(y ,O) = P IHI] (a)cos ayda
. (2.13)
, 1= BTC
“13()}1’0) =k (.yl )O) iy _2— J'le(a)sm ayda
7T e MU
3nech npu 1 =hn, ma
H, (a)=n, [(s[)s'hza(pl +s,5,sh*ap —apN +(ap,) -5N+p k(@) (2.14) s
npu n # n,
ngm _ '
H,(a)= ‘—j;l [sos,V; - so (o, IN; + 51 (@@ )V, — 5, N, & (0‘,)' 213
1
Kpome Toro, nis dyHkuuit H”(a),le(a) CIIPABEUTHBLI CIIENYIOLIME MPeNeIbHbIE CO-
OTHOLUEGHMUS: ra
lim H,,(a) = 0(1); limHyy(a)=0(™). @.16)
a—0 a—0 HY
II. Enununas cuna J (y,)(P =1) neifCTBYET TaHIeHIMATLHO K BEpXHeH KpPOMKe ynpyroi
[0JI0CHI ¢ HA4AIbHBIMH HANpsLKeHHAMH (puc.3).
A
3]
) y
807) %
44 177777
Puc. 3.
B 5TOM Ccilyuae rmepeMeleHHs HaiiieM 10 aHaIorHuHbIM Gopmyiam
1% .
uZl(,yl’yZ):_z; J‘H21(a)‘wnaylda'. —x<) LY P

(2.17)
1=
"22()’1’}’1):‘2‘;_"sz(a)cosayldaf FRENSR

3nech npu m, =n, Hy(a) u Hy (@) ompenensoTcst U3 BEIpaXEHHH
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Hy = my[- (s + I)(Sshaqpl chag, - ag, )- c‘h2a¢1 = A‘lshzaqpl = sjf{] (a)

H, = ”:}(;,l" [ss,chza(p, +(ap, )? ~a¢)1N~sfchz(a(p‘)—ss] ]f[‘(a) (2.18)
npu my £, ]
Hy(a)= ”’0[55'1 (@, W, - SNy + s(agp, N, + N3]§;l(¢2)
Hyla)= i’:}i’iﬁ I —s,ch(2a(p,)+sslN+sa¢,N4 + 88, (agol)zsha(p] —ss;ch’agp, - (2.19)
1

2 S1().
’32(a¢1)N4+N3kz (@)

Ormetum, uto mas pynxumit Hy(a) n Hy(a) kax u s cnyyae (2.16) umeror mecro
ACHMIITOTUYECKHE PA3JIOKEHHS:

/iﬂ(t)H“(a): 0(1) lim H () = O(a") : (2.20)

Crnenosarensho, cMewenue B Ciyyae 3amaum [ (pHC.2) 1 rOpH3OHTaNbHBIE CMeEIIEHHs BO
BTOpOii 3anaue (puc.3) B Touke TIPUIIOKEHHS UMEIOT JIOrapUDMITIECKYIO 0COOEHHOCTS,

Hcnonbsys npunumn cynepnosmiu MEPEMEIEHHs TOYEK YIIPYTOM M0JIOCHl ¢ HAYAIbHbI-
MU HATIPSUKEHUAMM 110 HAMPaBJIEHUIO OCeil Oy, Oy, or onHoBpemeHHO IEHCTBYIOLMX HOp-
Manbbix  p(y,) 1 TaHreHUMATbHBIX q(y,) HAMPSDKEHHH, cormacho (2.18) u (2.19), onperne-
nrotes hopmynamin:

©

()= 7"110)’1 *T’)l’(f')dr*' "‘“12 0 - )z

m :O (2.21)
uy (%)= J-“zl 01— 2)p(e)de + I”zzqyl ‘?')7(1')‘#

e u,, (17 = 1,2)- byHKUHA BiusiHUSL,

§ 3 Beison paspemaromux ypasenuii mus YOPYrO# MOJIOCH C HaYaubHBIMU HampsiKe-
HUSIMH,

AN L, am)
%0
A
Jpw
Puc. 4.
U3 yenosuit pasHosecus YNIPYTO#i HaK/IaAKk1 HAXOIUM, YTO
1 x
T :; J.[q(x)—qo(x)]cbc (—00<x<oo), (3.1

3nech npuHsaTO, YTO ynupyras Hakjanka UMeeT ApAMOYrONbHOE CEeHeHHe eMHUYHOMN M-
putbL a 7, l) - OCEBOE HAIPSLKEHHE IO HAMPABICHMIO OCH Oyy.
Y4urtbiBas 3akoH I'yka, Haiinem

7y =Eig,, O )
du, J’1) (32)

_ du(

dy,

Y n
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3neck é',m()’l ) ul(y,) COOTBETCTBEHHO AeOopMaLis W rMepeMelleHne B HarpaBIeHuH
ocu Oy .

Bynem npennosnarars, 4to ynpyras Hakjiagka B BEPTUKAIbHOM HanpaBieHMH M3rubaercsa
kaKk oOblyHas Oafka, T.e.

d4
D Ijlz plx)- py(x) —o<x<w (3.3)
dy,
- pez
rae ul(y])- BEPTHUKA/ILHOE MEePEeMELIeHNe TO4YeK YIpyroi Haknaaky, [ - jKeCTKOCTb Ha- -
:
knanku Ha usrub. Torma, ¢ yderom (3.1) — (3.3) u (2.21) m1s HEM3BECTHBIX KOHTAKTHBIX Ha- -
NpsOKEHHH, MOJyUHM CHCTEMY HHTErpo-nuddepeHnalbHbIX YPABHEHHUIA: -
d u, am
{_‘l“nq"l TI)P(T)dT B J-”n(h "T)q(T)dT} =p(n)-49.n)
(3.4) il
- E XTI
E h—y‘{". un( —o)pl(e)ds + I”zzq ‘T|)Q(7)d7} _[ 7)-qo(v)l7 ™
B crydae neicTBusi TOJIbKO BEPTHUKATBHBIX CHIT qo(y, = O), BMecTO cucrembl (3.4) Gynem
MMETb TOJILKO OTHO WHTErpo-auddepeHIHanipHoe ypaBHEeHHE: -
oY . - al
Sd?
D— ”n(])’l *Ti)P(T)dT = ply)-po ) |x| <o (3.5 o
a
V| e M€
a B CIy4Yae OTCYTCTBHSl BEPTHKAJbHBIX CUI P (yl =0), HAKJTAZIKA JIMIIb PACTATUBAETCS, TOMIA
NOJNYYUM: .
- B |
_[ P(T)dT‘ _”P()ﬁ) oy )it (.6
“w CT
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4 oo T\
JIMXTAPYK Hukonait Hukonaesuu — npenonasarens Kadenpel BbiCIIeH MaTeMaTHKH U

KOMIbIOTEPHBIX npumeHenuit TexHosornyeckoro ynusepcurera [ononbs.
HayuHpie uHTEpeCH:

- MeXaHHKa 1eOpMHUPYEMOTO TBEPIOro Tema.
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