
CONTACT PROBLEM FOR TWO IDENTICAL STRIPS REINFORCED

BY PERIODICALLY ARRANGED FASTENERS

WITH INITIAL STRESSES*

S. Yu. Babich
1
, N. N. Dikhtyaruk

2
, and S. V. Degtyar

2

The plane contact problem on the transfer of loading from a periodically arranged elastic finite pads to

two identical elastic strips with initial stresses is solved using the linearized theory of elasticity. The study

is carried out in a general form for the theory of large initial deformations and different variants of the

theory of small initial deformations for an arbitrary elastic potential. The effect of the initial (residual)

stresses on the distribution of the contact stresses over the interface with the periodically arranged

elastic finite pads is investigated.
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Introduction. One of the important factors having a strong effect on the reliability and durability of engineering

facilities, mechanical structures, and machine parts is initial (residual) stresses. In real structures and machine parts, initial or

residual stresses exist nearly always. The causes may be different. Often, the initial stresses in parts and structures are created

specifically during their manufacture or assembly to compensate for the stresses that occur in structural elements and increase

their strength characteristics.

One of the most commonways of transferring external forces is contact interaction; therefore, the study of this issue has

been a very urgent problem for many years. At present, in our country and abroad, the study of contact interactions related to the

transfer of load from elastic pads of various shapes and lengths to massive bodies is becoming increasingly relevant. The studies

in this field were further developed in themonographs [1, 6]. The contact interaction between a prestressed half-plane and pads is

studied in [1, 7, 9, 22]. The effect of the prestresses in an elastic strip on its contact interaction with elastic pads is studied in [3,

15]. The present study is novel in that it deals with the contact interaction between periodically arranged pads of finite length and

two pre-stressed strips. This, in turn, expands the class of contact problems that can be formulated and solved using the linearized

theory of elasticity.

1. Problem Statement. Basic Equations. Using the linearized theory of elasticity [1, 16, 18], we will formulate and

solve the problem of load transfer from periodically arranged elastic pads of finite length to two identical prestressed strips

clamped at one edge.
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Assume that two endless elastic strips are made of the same compressible or incompressible materials with an arbitrary

elastic potential, and that these strips have the same initial (residual) stresses. It is assumed that they are joined at end segments

[ , ] ( , , , )� � � � � � �a kl a kl l a k2 2 0 1 2� by periodically arranged elastic pads of small thickness h. The initial stress in the elastic

pads are zero, the pads have elastic modulus Å
1
and Poisson’s ratio �

1
and are in plane strain conditions. The thickness of the

prestressed strips is H.

It is necessary to determine the effect of the initial stresses in the elastic strips on the distribution of the normal p y( )
1

and tangential q y( )
1

contact stresses at the interface between the elastic pads and the elastic strips, when they are subjected to a

horizontal periodic load with a period 2l and intensity q y
0 1
( ) (Fig. 1).

Since the problem is periodic, the influence of the initial (residual) stresses under each of the elastic thin pads will be the

same; therefore, we can consider only one of them. Consider, for example, the pad that is located on the segment [ , ]�a a .

Note that the elastic pad bends like a regular beam in the vertical directionOy
2
, and shrinks or stretches like a regular

rod with finite stiffness that is in a uniaxial stress–strain state in the horizontal directionOy
1
[4, 17]. Based on this, the following

equations will be used to solve the problem:
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where u y( )
1
, �( )y

1
is the displacement of the boundary points of the stringer.

2. Transformation of Singular Integral Equations. The stringer–strip contact conditions have the form

u y u y v y u y a y a( ) ( ), ( ) ( ), ( )
1 1 1 1 2 1 1

� � � � � , (2)

where u y
1 1
( ) and u y

2 1
( ) are the displacements of boundary points of the elastic strip with initial (residual) stresses.

The boundary conditions at the ends of the elastic pad (stringer) due to the absence of external forces can bewritten as:
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HereQ y( )
1

is the longitudinal force;P y( )
1

is the shear force;Ì y( )
1

is the bendingmoment in the cross-section of the stringer.

Taking into account (2) and the expressions for the displacements of the boundary points in the contact region

y a a
1
� �[ , ] on the edge y

2
0� of the elastic strip with the initial (residual) stresses [15], we obtain a well-known system of

integro-differential equations.

If we introduce a new function and make a replacement for this system,

X p i q( )
~
( )

~
( )� � �� � , ( , )� 
 �� , � �� a l/ , (3)

then after some transformations we will obtain a singular integral equation with Hilbertian kernel [3, 4]:
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The quantities

~

( ),L
ij i

� � , �
4
characterize the initial (residual) stress state and are determined for compressible and

incompressible bodies in the case of specific elastic potentials separately for equal and nonequal roots of the constitutive

equation [1];

~

( )Q
1


 is the distribution function of the tangential contact stresses along the contact line of the stringer and the

elastic strip with the initial stresses.

Thus, the solution of the problem is reduced to the solution of the singular integral equation (4) with boundary condition

(5).

This candidate solution of this equation is represented as a series of Jacobian functions [4, 6]:
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Here c
44

is a parameter that determines the initial stress state in the strip.

Note that

~

X
n
is an infinite series of unknown complex coefficients that should be determined. To determine them, we

substitute (7) into Eq. (4). Then, using the orthogonality properties of the Jacobi polynomials [5, 6] to determine the unknown

quantities

~

X
n
, we obtain an infinite system of linear algebraic equations:
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where �

i
, �

1
are parameters that determine the initial stress state in the strip, w
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To solve system (8) numerically, it is additionally necessary to determine the coefficient X
0
on the right-hand side of

the system [4, 6, 18]. The coefficient X
0
can be found from boundary condition (5) using series (7). Then

X
l

i
0

1
2

2
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�

. (9)

System (8) is quasiregular since the sums
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, where l ml O

m m

*
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�1
1 , are of order ofO m( )

( / )� �1 2 0

asm2 �. Such

estimates make it possible to argue that the system is completely quasi-regular for arbitrary values of the physical and geometric

parameters of a wide class of structural materials. This means that the coefficients of the matrix of the system rapidly decrease

with increasing mand n from the diagonal elements and it can be solved with well-known numerical methods.

The present study makes it possible to draw a number of general conclusions regarding the influence of initial stresses

on the distribution of contact forces under the pads interacting with the prestressed strips.

The above case confirms the assumption that the stresses under periodically arranged elastic pads reinforcing strips with

and without initial stresses will be identical under the action of the same external forces. It can be easily verified by comparing

the formulas for displacements in elastic strips [6] without initial stresses and strips [1, 4] with initial stresses under identical

external forces.

The distance between the pads is known to be an important parameter of their interaction. However, it turned out that the

distribution of contact stresses, in addition to the distance between the pads, is significantly affected by the initial stresses in the

strips. These effects can be determined for a specific type of elastic potential using known parameters [1, 4]. According to [4–6],

for the simplest potentials, the laws of variation in the displacements under the pads in the case of compressible (harmonic

potential) and incompressible bodies (Bartenev–Khazanovich potential) [1] are shown in Figs. 2 and 3, respectively.
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Here

P

ah
Q
~

21
are the dimensionless contact tangential stresses; �

1
are the initial elongations along the axisOy

1
, which

determine the displacements in the initial state; Ð is the vertical load applied to the pad;

~

( ) ( )Q q y y
21 0 1 1

� � is the tangential

force acting on the pad, where �( )y
1

is the Dirac function.

The value �

1
1� (dashed line) corresponds to the classical theory of elasticity and coincides with the results of [7]; �

1
�

0.7, 0.8, 0.9 corresponds to the initial compressive stresses; �
1
�1.1, 1.2, 1.3 corresponds to the initial tensile stresses; y a

1
/ is

the dimensionless coordinate of the initial stress state in elastic strips with initial stresses.

It can be seen that the displacements under the pads increase significantly in the case of compression ( )�

1
1� and

decrease in the case of tension ( )�

1
1� . The qualitative picture is the same for both potentials. Note that a similar pattern of the

influence of initial stresses on displacements was noted earlier for elastic punches [1].

It should be noted that the singularities of the stresses at the ends of the pads are similar to those in the classical case, i.e.,

in the absence of initial stresses [6]. Analysis of the behavior of the Cauchy type integral near the ends of the integration line, as

well as the form of solution (7) (weight function) indicate an oscillating singularity of the contact stresses near the ends of the pad

[16].

Conclusions. The plane problem of transferring the horizontal concentrated load from an elastic pad of finite length to

two equal strips with initial stresses clamped along one edge has been solved using the linearized theory of elasticity. The

solution has a general form for the theory of large initial deformations and different theories of small initial deformations for an

arbitrary elastic potential. The problem has been reduced to a singular integral equation whose solution is represented as a series

of Jacobi polynomials. After several transformations [6, 12] we have obtained a quasiregular infinite system of linear algebraic

equations that can be solved by well-known numerical methods [6].

It has been established that the presence of initial stresses in elastic strips leads to a significant change in the distribution

of the contact stresses; however, the contact stresses decrease significantly in the case of compression and increase in the case of

tension, and the displacements increase significantly in the case of compression and decrease in the case of tension. The initial

(residual) stresses have a stronger (quantitative) effect in highly elastic materials than in rigid materials, the qualitative effect

being the same according to the results.
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