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Abstract

Introduction and aim: The article deals with the problem of the elasyilincrical die pressure
on the layer with initial stresses within the framoek of linearized elasticity theory. In general,
the research was carried out for the theory oftgreaal deformations and two variants of the
theory of small initial deformations with arbitrasyructure of elastic potential.

Material and methods: The mode of deformation in the elastic layer withial stresses is de-
fined with the help of harmonic functions by wayHénkel integrals. It reduces the task to Fred-
holm equations and the method of consecutive appaions

Results: We obtained a correlation between the compongfip®tential vector and tensor of de-
formations in the case of equal ractde solutions are defined by way of lines with tedp of
infinitive system of constants, derivated from tegular and linear algebraic system.
Conclusion: The research investigates the influence of ingiedsses on the law of distribution of
contact stresses in the layer and punch with Irgtr@sses

Keywords: The theory of linear elasticity, initial tensionghkel integrals, Fredholm equations,
the method of consecutive approximations.
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PRZESTRZENNE ZADANIE BRZEGOWE DLA WSEPNIE NAPIETEJ
CYLINDRYCZNEJ STEMPLI | WARSTWY LEZ4CEJ BEZ TARCIA
NA SZTYWNEJ PODSTAWIE

Streszczenie

Wstep i cel: W ramach liniowej teorii sgeystaici, nalely rozwayé zadania o ainieniu spezy-
stego cylindrycznego stempla na wagstpocztkowym napiciem. Badanie wykonane w sposob
ogolny do teorii znacznych odksztatdedwoch wariantow teorii pogzkowych matych odksztal-
cei przy dowolnej strukturze sgiystego potencjatu.

Materiat i metody: Naprezenie-odksztatcenie stan w elastyczne warstwie zgpamwym napi-
ciem okrélamy poprzez harmoniczne funkcje w postaci catkikdiego, ktére pozwalajspro-
wadzt zadanie do catkowania rowndypu Fredgolma i metody kolejnych przyéii

Wyniki: Otrzymano korelagjpomidzy wspotrzdnymi wektora przemiesz@zietensora napgzen

w przypadku rownych stopni. Rozranie przedstawione w postaci szeregu przez nieskny
system statych. Te stale adefiniowane z uktadem regularnych rowhiaiowych.
Whiosek:Zbadana kwestiwptywu napezern poczitkowych na prawo dystrybucji kontaktowych w
warstwie i stempli z napteniami pocatkowymi.

Stowa kluczowe:Liniowa teoria spezystaici, probne napgzenia, catki Henkelego, rownania
Fredgolma, metoda kolejnych przyiet.

(Otrzymano: 20.01.2014; Zrecenzowano: 01.04.20b&keéeptowano: 01.06.2014)
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1. Introduction and aims

One of the important and topical areas of mechasficeformed solid body is to study the
problem of load transfer in car designs and partsibans of their contact interaction, taking
into account the initial (residual) stress. Theymacur as a result of such deformations as:
plasticity, creep, structural changes in the malerggregation state changes, physico-
mechanical, chemical and technological processesstauction, creation, and after stress in
elasto-plastic bopunchs. Also in the earth's arusal (residual) stress arise due to the action
of gravitational forces, technical processes ebeylcause deformations, fractures, increasing
tendency in a loss of stability and internal fioctj acceleration of phase transitions, corrosion
and other.

The investigation of this problem is constantlyratiated by the growing needs of engi-
neering practice, for which more precise calcutatieethods are required for the adoption of
a new technological solutions in the applicatiomedv materials, to increase their strength (in
the framework of the economic and engineering belity) and to reduce material capacity
of designs at the same time.

The study of the problems of contact interactiompastressed bodies appeared rather re-
cently, in the theory of elasticity and in a lindtaumber. However the mission of the classi-
cal theory gained a huge development in our areldarcountries. This explains the fact that
the linear theory of elasticity ignores the effeftthe initial (residual) stresses. But they
should be taken into consideration in the framewafrkhe linearized theory of elasticity,
which was developing simultaneously in two diregipnamely: taking into account the spe-
cific form of the elastic potential (\M. Aleksandrov, N. H. Harutyunyan, V. S. Poroshid an
others) [1], and arbitrary structure of the elaptitential theory for large initial deformations
and two variants of the theory of small initial diehations for compressible (incompressible)
bopunchs (academician of NAS of UkraiaeN. Guz, S. Yu. Babych, V. B. Rudnitsky) [2]-
[5]. In the General case objectives such requhresrivolvement of the staff of the non-linear
theory of elasticity, but, at high initial (residpatress can be limited, and its linearized option
[5].

Today, increasing reliability and durability of wttures and machines is one of the urgent
problems in many industries, such as constructiweghanical engineering, aircraft building,
shipbuilding and others. And this requires strmingliance with the terms of durability, reli-
ability, cost effectiveness structures and sim@tarsly low material. And the successful de-
cision of such tasks great extent with the helgaéntific research in the field of mechanics
of contact interaction of prestressed deformabligl ghone. Therefore their solution entails
much attention of scientists.

Despite the existing achievements in this diregttbere is still insufficiently developed a
number of points. Among which the problem of thetaat interaction of prestressed bo-
punchs, namely: elastic pressure of a stamp aryex with initial (residual) stresses. Be-
cause one of the aspects of transferring the Isadcsated with the account residual stresses
in bopunchs on the law of the distribution of effior their places of contact of the calculation
and the creation of significant elements of desigiese efficient to consider the durability of
the materials by the correct assessment of thevessef strength and enough to reduce con-
sumption of materials, keeping the overall desfreattionality.

Works of the contact interaction of the elastiargta with a layer or a half-space even in
the framework of linear theory of elasticity quitdew. This is explained by the fact that their
stupunchs are reduced to one of the most diffiegltalizations of mathematical physics and
the solution which is associated with considerafdghematical difficulties.
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Influence of initial stresses on the distributidrcontact forces in an elastic half-plane and
a half-space with their contact interaction withstic stamps investigated in the papers [4],
[3], where is wrote the General method of solution.

The task about pressure of a rigid punch into astiel layer with initial stresses consid-
ered in [2], and for a particular type of elastatgntial of incompressible bopunchs in [1].

In the paper [5] described a General approach liongpthe problems of contact interac-
tion of elastic bopunchs with initial stresseshea framework of the linearized theory of elas-
ticity, where were considered cases of deformatmhnthe infinite elastic half-space (layer)
under the action of stamps of different forms.

But, although the number of stupunchs devoteddactntact interaction of bopunchs with
pre-strained state is constantly increasing, tbk #dbout pressure the elastic layer and stamp
with initial (residual) voltages the authors haw been investigated here in the framework of
the linearized theory of elasticity.

Because this work is great practical and theoretigle, and accounting for initial (resid-
ual) stress is one of actual problems of load feans designs and details of cars.

The purpose of the work is the solution of the ssmmetric static task about pressure the
elastic cylindrical punch into an elastic layertwinitial (residual) stress within the linearized
elasticity theory in a General form for the theofylarge (finite) initial deformations and two
variants of the theory of small initial deformat®owith an arbitrary structure of the elastic
potential.

Research conducted in the coordinates of the ligiiain state @, associated with the La-
grangian co-ordinates the following ratigs:Ax; (i =1,3), wherej; - coefficients lengthening

determining movement of the initial state.

We consider the isotropic elastic body (compressdslincompressible) with an arbitrary
form of the elastic potential. In the case of oftbpic bodies, we assume that the elastic-
equivalent directions coincide with the directiointiee coordinate axes in deforming condi-
tion.

Let assumption that the initial state of the lagad stamp uniform and equal, and elastic
potentials - is twice continuously differentiatagh€tions of the algebraic invariants of the
deformation tensor of Green [5]. In addition, tleti@an of stamp calls in a layer of a small
perturbation of the main stress state, for whiehdbnditions

S'=8°20;, §°=0; A=A ,%A

It is assumed that the elastic cylindrical stamg Eyer made of various isotropic, trans-
versally-isotropic or composite materials and iat¢ron the square in one of the foundations
of a stamp.

2. Statement of problem

We will consider the elastic cylindrical stamp (Fip radius R and height H with initial
(residual) voltages which pressed into an elaager under the action of the force P after the
occurrence of there initial stresses (which appeaontact). The symbdt, is the thickness
of the layer initial strain state that is assodatgth a thickness df;, in the not-strain state the
following relation:h;=A3hy.

Power is applied to the elastic stamp so thatés énd face is deformed in the direction of
the axisOys on the same value, and the surface outside the contact area ardriveethe
stress.
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Fig. 1. Cylindrical stamp and a layer with init{aésidual) voltages
Source: Elaboration of the Authors

In the system of circular cylindrical coordinates 4, z)(i =1,2) we get such boundary
conditions:

> At the end of the elastic stamp= Hy*, wherey, :\/;, (i=12):

uél) =-¢, ~§) =0 (O=sr=R; Q)
» On the boundary of an elastic layer in the contagionz = 0O:
B -f?; G8-08 GP =GP -0 0sr<m; ®
» On the boundary of an elastic layer outside ofcthretact area = O:
Q7 =0 QP =0 (Rsr<w); (3)
» On the lateral surface of the elastic stariR:
QP=0, Q=0 (0<z<Hy") 4)
» On the bottom surface layer lying on the hard gdy@md United with the basis,
z =-Ahy'=-Hy'(i=12)
uP=0 QP =0 (Osr<w), (5)
uéz) =0 u®@=0 (O<r<w). (6)

where z = y, V7, (i=f2); n - the roots of allowing equation [5, (2.19)].

From the equilibrium condition, we establish thiatienship between the draft and the re-
sultant load?

1
P= —27Z'7T2I pQé23)(O, p)dp. (7)
0
Note that all values related to the elastic stamapked by an upper index «(1)», to the lay-
er «(2)», and to the base «(3)».

For determining the stress-strain state in elasfinder with initial stresses, which is pres-
sed into the elastic pre busy layer, use the egfes, which is provided in [6] for the com-
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ponents of the displacement vector and stress témsoompressible and incompressible bo-
punchs in case of equal roots allowing equatiohs [5

Stress-strain state in an elastic layer with ihgteesses write through harmonic functions
in the form of integrals Henkel. Satisfying the bdary conditions (1) - (6), after a number of
transformations we obtain:

0

=6 [EDL s npyn-1E D o 00 ], Q' =6, Feys,p . & =0 (@)

wheren - dimensionless valud; (n) - unknown function,

t-e'+1 K $ht 2hn
G(t)=———FP(1), P(t)=————, K=S§ —S, t= , 0,=C,l,Q1+m)K,
() sht () () t+K &ht S v, 1 44 1( 1)

93=ml(§_ %), h=h/R, ¢i=2ni' =@+ m)@a+ rrl])‘l’ §:(rp—l)r_fl, Sz%lzll_l’
y 0

1
C a{313’ _ (a{nlnl_ Cdsng(ajnss"' wmj)a_l’
44 XK' rrh - 1 -1.
A0 (A,09 7
| {a{3l3(aj1331+ (ajl313 ale?)l(aj 113-1‘;&} 131§CJ 1H1+16J 1233)
1
1313(K 1331" A g 4/( 123 K’ 133)1(/] g é'/] q Q)l );
o, , K . — components of voltage, respectively for comprdssidmd incompressible bo-

afab? "t afab
punchsJ,(x), I,(X) — the Bessel functions of real and imaginary argut.

1313’

3. Method of solution

Using solutions for cylinder [6] and satisfying theundary conditions (1) - (6), we find
the eigenvalues tasks:

Y, =2mkH™, a, =y, R™.

Not stopping at the side, say that the unknowntfanoof (8) is determined as a result of
reduction of a problem to paired integral equatioh&redholm type of the second kind [6]
using the method of successive approximations[@]when h>1, A, > Ay, . This method is
convergent, noting the research carried out in Therefore, the solution is presented in the
form of series through the infinite system of cam$s. These constants are determined from a
system of regular [5] linear algebraic equations

Skxk+;)»9k,xn=wk, (k=0,1,2,.. (9)

where the coefficients of which is provided in [6].
Defining unknown constantg; (i = 012..) from (9), we can calculate the for2e

P = 8meEQ, (k6,IR) X,

moves and stresses in an elastic stamp [6] anthylee with the initial (residual) voltages.
When calculating stresses and displacements fdatfe with initial stresses the majority of
the integrals in the end, are not evaluated, gitiencomplexity of functions @j, F). The-
refore, starting from the second approximatiorhefintegral functions in (8) lay in a series in
powers of then™, that allows us to calculate the coefficients ofg@proximations by writing
them in the form of series [6].
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Therefore, displacements and stresses in an elagécwith initial stresses determined by
the following formulas:

u® =g(m,) ' THQL SE NG KiLl-s,), Uf? = me(mB,v) 'THQL S No K 's; s— 9
i = (L melCy (MO RTHQLSE NG K s 5 9)
1(2) — (1+ m)sc44(.r[e R\O lT (Ql Sl Nl Kl S O)

where ST (p; Z)=In”28inn e J0p) @, K:“(p;uk;z)=£n“wo(n,uk)em J.(np) d,
QLS N KDk a) = (1+ z%)<(1—x0p'i($l;0;k;a;()—%§ Ga,( &, :Okap-
~2(m, ~DRO;X L2, ( N, :0:k:a;()+94ki;lxk9'i( K, 1, ckias0+

+O,5(mz—1)R2§‘1 qk)kuL( K ;'\/k\iRk;a;()>+§1 a< (EXo 921( &) :0:k:ai1V)-
—938"1§C;*Q'i(S?ml;O;k;a;\{t)—2(ng—1) ReX QL ( 19, 0k )+
+94§XKQL(K%;uk;k;a;vlt)+0,5(%- 1)R’7§ 4ox, QL ( K, :Vk\iRk;a;\I)>,

QL 1k a8)= (A" + kA™+ a)Lm(pu j (Aﬁl = (A'+ 1)jAl'Lq+1(pu%2—9j+
L] E [ e [ e L R s
T s L T e

RV R
i(pfl_ﬁAzllj m+1(pL1 h % j!

R Ry R
a_%(%"9 m_ 2R a_ b A 2 _2%(8-9)(8+29
A grs A TR g Py A (5+9)°
A = _h(Bk(s-2-g) §-1+ 3 9+a K2 $57s +sD)( 1) =S
ak VR s- §-1) s-g-1
p=_ S e NEK(st§-25-1+ 55 H+a K+2 ss7s ’p
$+1-s —okVvR(s §-1)° ’

NP (0:2) = [ W, (0,006 3,010) d, W (%, ) =it” cosxt cosytd

m, = (54133_w1319(w1133+aj131)3_1’ 6,=E 8m 1+ H) _4H + 1-m) R '
1 n Vi H
where bfk) is expressed with the boundary conditions (1)-(5(}),C;* - the coefficients of ex-

pansions in series of functionst}(F@), respectively,x, - desired constants of an infinite
system of linear equations (9).
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4. Results and Discussion

The system [6] was solved by reduction with thdofeing values of parameters: k=32,
E=3,92;v=0,5. And the influence of the initial (residualjess on the distribution of the con-
tact forces for the task about pressure the elagtindrical punch into an elastic layer with
initial stresses that lies without friction on thard ground, consider for the example of a
harmonic potential (the case of compressible bopsinehat is portrayed in Fig. 2 — Fig. 5.
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Source: Elaboration of the Authors Source: Elaboration of the Authors

On the basis of permanent fouid (j=0,1,2,...) from the system (9) identified tHeacac-

teristics of stress-strain state of cylindrical puimnd the layer with the initial (residual) stres-
ses. All the presented charts depict the curvesctbraespond to the next values=0,7; 0,8;
0,9; 1; 1,1; 1,2; 1,3 whetg - determines the initial state of the layer areldglinder. For the
valueA;=1 (condition without the initial stress) will trggaphs denote the shaded line. If all
calculations put h=, we can get solutions for half-space with inisaksses [5].

Of analytical and graphical results of the workaaed that:

> if Mi—Ag influence of initial stresses in an elastic laigerapidly decreasing, and in elastic
cylinder tends to zero. That is, as in [5], revddlege mechanical effect, which is that the
elastic cylindrical stamp in this case is in aesttelastic equilibrium and almost no effect
on the layer,
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» initial stress in compression lead to reductionpofver voltages in the cylinder, tensile
strength - to increase and for the movements obther way around,

» the greatest impact of initial stresses markecherstde of stamp,

» for the elastic layer of influence of initial stees similar, and on character of action of
initial stresses its thickness does not affect,affett only on their values.

All the conclusions that were made in the work cstesit with the conclusions of the im-
pact of initial stresses on the distribution of toatact forces, stupunchs in [4], [5].

5. Conclusions

Based on the findings, we propose the followingpnemendations for practical use of the
obtained results:

« Initial stress in compression lead to a reductibforce of stresses in the cylindrical stamp
and a layer, tensile strength - to increase, inctige of movements of the other way aro-
und. That is, the presence of pre-stressed stdtee dime of contact interaction of elastic
bopunchs gives the possibility to adjust the cansaesses and move in calculating the
strength of parts of machines and structures. Manedhe contact stresses are dangerous
initial stresses in case of a strain to move -aisecof compression.

* The greatest impact of initial stresses found ensilde of the punch. And thickness of the
layer does not affect the nature of the actiomibfal stresses, it only affects the value.

* More significantly, in quantitative terms, initisiresses operate in the highly elastic mate-
rials compared with more stringent, but qualitdiveeir influence remains.

» Dangerous is the situation when the initial voltafgeser to the values of the surface insta-
bility, because the contact efforts and move slyarpange their values.

Thus, in this work we obtained dependencies refigdhe effect of the initial stress on
stress-deforming the state of a system of elagtinder and the layer with the initial stresses
that lies without friction on the hard ground. Timspact is significant as for compressible
and as for not compressible bopunchs and shoutdh&dered in engineering calculations.
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