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Linkage mechanisms have wide application in different fields of
machinery due to their advantages in comparison with the other types of
mechanisms: they are composed by the rigid bodies and only lower kinematic
pairs with the geometric closure of the links, which provide more durability and
reliability of the mechanisms. Besides, it enables to transmit higher loads and
higher working velocities and thus provides more productivity of machines.

Kinetostatic analysis is an important task to design a linkage
mechanism properly. It is known that this task can be solved using traditional
methods of the theory of mechanisms and machines. Besides, modern CAD
systems can be also used. So, the simplest way to make kinematic and
Kinetostatic analysis of a linkage mechanism is to make its 3D-model and use
mechanical CAD/CAE system (for example, SOLIDWORKS Motion, etc). But
to perform a complex optimization procedure, such way is not always the best
solution.

In this paper we consider another method to solve this task by means of
Mathcad using unified algorithms. It is known that linkage analysis can be done
by making unified programs for certain kinematic chains — structural groups [3-
5, 7]. For kinetostatic analysis, we used an analytical approach described in [7].

In this paper we consider Mathcad algorithms for analysis of the structural
Assur groups of 11 class, 1% and 2™ types. Notice that unified algorithms for the
other types of kinematic chains of Il class are also developed by the author and
used in the academic process in the course of “Theory of Mechanisms and
Machines” at the faculty of Mechanical Engineering, as was described in [4].

Assur group of the 1% type. The scheme for kinetostatic analysis of this
group is shown on Fig. 1, a. The links of that group are loaded with the forces

F,F;, the moments M;,M,, the gravity forces G,,G;. The inertia forces

i? Jl
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F .,F . and the moments of inertia forces M. .,M. . of the links i and j are

imi' " inj HI ! H |

calculated using known kinematic characteristics of the structural group:

n_ 2. " _2. ", 2.

Faix = M X500, FiHiy =-mysop; F, x = —M; X505 (1)
. n 2. _ " 2
ijy —m; ySJ(D ’MiHi ‘]S|(P|(’01 ’ M Hj — JSJ(p @, .

All the forces are divided into components which are directed along the
coordinate axes. Firstly, define the reaction force ﬁji in internal kinematic pair:

Rji =R +R% 5 Ry, =( Al cos; + Al cos, ) /11;sin (o, (pj);(z)
Ry, =(Al;sing; + Al sing, ) /11;sin(g; — ¢, ).

The coefficients A and A,, in (2) are defined as:

A =M, +M,,; - F,MK;sin(¢; +v,;)+ F, MK cos(@; + v ) +(F,;, -G )

iniy

xMS, cos ¢, - F,;,MS;sing;; A, = M + M, ; — F; NK;sin (e, +7, )+

iHiX

+F,NK; cos(¢; +v, ) +(F,,, —G; NS, cose; — F, ,NS; sing;.

i jy in jx

3)

Fig. 1. Calculation schemes: a) Second-class Assur group of the 1% type;
b) Second-class Assur group of the 2" type; ¢) Mechanism of the I class
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To define the components of the reaction force R, we projected all the
forces related to link i to the coordinate axes:

Rix = Rjix - I:ix Fn-nx’ R|y - R - F - szy + G R = ’\’ ch + R; . (4)

Components of the reaction force R; in other external kinematic pair N :

R, =—R, —F, —F; R, =—R,, —F, —F,, +G,; R, = JRZ+R%. (5)
In the unified analysis program of the group we take into account that:
l;c059; = X5 —Xy;1;sing; =y, — Yy ;1 Cos@; =X, — Xy | sing; =y, —y,,.(6)

Kinetostatic analysis of the Assur group of the 1% type in Mathcad.
The initial data for the calculation is grouped into matrices M, A,M,, F.

Besides, we must specify the values of MD (see Fig. 1, a) and w,— angular
velocity of crank OA rotation.

XM XN MSi MKi m;

i @ M; Mj
YM YN TS YKi oo "
Mq = A=| ¢ @] My = F=| Fix Fjx
Xm XN NSj NK; I
.o ¢ @ Fiy Fj
YM YN 7S YK; I y

The matrix M, includes such parameters as X, ,Yu.Xy Yy — the
coordinates of corresponding points M and N on the scheme; X{,, Yy, Xy, Yy —

the analogs of acceleration (defined preliminarily during the kinematic analysis
[4,5]); MS;,NS;,vg,7y — positions of the mass centers of the links of structural

group (see Fig. 1, a); MK;,y,;,NK;,,y,; — parameters which define positions of
the points K; and K; of external loads application.
The matrix 4 includes angles ¢;,¢; which define the positions of the

links of the structural group (calculated during the kinematic analysis [4,5]) and
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analogs of their velocity and acceleration. The matrix M, includes masses

m;,m; of the links and their moments of inertia Jg;,Jg. The matrix F defines

external loads on the links of the group: moments M;, M, and forces (projected

on coordinate axes). The entire algorithm of kinetostatic analysis of the Il class
Assur group of the 1% type is made up as the following Mathcad-subroutine:

FGL(Ml,A,h,ﬂ),ME,F,wI] =

M M M M M M
111 Lo "h3 g T T

{XM N MS; MK; yvm yN i 2.3

X x"y NS: NK: y'\, y" A--- M M M M M
M XN NS NKy YN YIN g 133 V34 Vg Vg Vg

my my <—A11A21A31A12A22A32M M M
(;1 1c 1°1 ‘cj ‘CJ ‘CJ 1 IKl 2 1,1 22,1 12,4>

(Mj Fix Fiy Mj Fix Fiy Jgi Jgj gj) < (Fl,l F2.1 F3,1 F12 F22 F32 My, | My, 1\’{14,4)

(s S. ) KDT ™M *M JMS. ( Lon ) KDT NN JNS. ( Lopn )
iM M W " i:78i-{ % ¥i P w " RN RS IR IR
M Y'M YN Y'N

(Si 8% 85 8 My, MiH_j)‘_[SiMl . SiM],2 SjM],] Sle,z —Jsi"@"i'wlz ‘JSj"P"j'wlzJ
(D K ) (KDTs(xM YM-MD.0.¢; ) KDTs(3p. v -MK; . Vg -¢5) KDTs(xy.30-NK; g 65) )
(FIH i i, Fin j Fin _jy) « [‘mi'suix""lz _mi'S”iy"“"'lz _mj'S"jX"‘-'lz _mj'S"jy""‘lzj
(AXDM AYDM Axpn Aypn) < (P1-%y D2-yy Di-xy D2 vy)

B; « F; S: - -M: . -—(F;, : —98lm:\(8; —xpg | +F; (K, — -M:.-F. (K —x
1H lx( 1y YM) 1H 1 ( 11{_1y 1)( i M) 1x( 1y yM) 1 1y[ 1 M)

B; {—FiH_jX-(Sjy—yN)—MiH_j —(Fiﬂ_jy— 9.81-mj)-(SjX—XN)+ij-(ij—yN) —Mj—ij-(KjX—xN)
B AxpN t By Axpm B Aypm + By AypN
.. R.- )
1 1
(R" x AyDMAXDN ~ AYDN'AXDM  AyDM AXDN ~ AYDN AXDM
R; ) [ Fim i ~Fix+ Rii Fim i, ~ Fiy* (Rji, + 981y
(Rig iy ) <[ i i iy~ iy * (R, T80 ) |
R. )« —F._—R.. +981-m
(R.IX JY) ( s " Fix T Ryi - lH_Jy iy J)
(le R R] Fin IiH_i MiH_j)

As a result, the reactions forces R;,R;,R; in kinematic pairs, inertia

forces F ., F

imi? " imj?

moments of inertia M, ;,M,,; of the links are defined. In the

program which is shown above, such auxiliary functions are used:
1. Function for displacement determination of any additional point of link:

KDTs(Fy Fy . MS; Ng;.0) 1= (Fy + MS;-cos(0 + ~g;) Fy + MS;-sin( + ~g;) )
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2. Determination of the angle between vectors:

FindAngle(Fx,Fy) := |0 if Fx=0AFy=10
atan2(Fx,Fy) otherwise

3. Displacement and analogs of acceleration determination for any
additional point of a link:

My = (s v X'y Ym) My= (91 @r ')
KDTw(My,MS;, g, My) i= (3 X"y ¥M y"M)e(Mll My, MMy 4)

M, M
1 21,2 21,3)

(
(o1 @1 ¥'7)« (le
(SLX Sl'y) <« (X1\4 + I\/ISI COS(L,.')T + "]"Si) M + MSi-sin(-pT + "‘]"Si) )
S < XM MS;@"p-sin(pp + ;) - Ms-l-(p'T)z- cos(tp + i)
Sly ¥\ F MSi-Lp"T-cos(-pT + A,«Si) - MSi-(Lp'T)Z- sin(-pT n A,«Si)

(8 %)

4. Function for the rotation of the coordinate system on specified angle:

PKTs (XI\/IZ ’YMZ ’X"MZ ’y"IVIZ , &) = (B’IX l\dy ) <« (XMZ COS(E) - yl\,Izslﬂ(&) yMZ COS(E) + Xl\dzslﬂ(&) )
(M"X My ) “«— (x"Mz-cos(ﬂ) = ¥'vosin(€) y'\porcos(€) + x"Mz-s'm(E,))
(M M")

Assur group of the 2" type. Structural group of the 2" type is shown on
the Fig. 1, b which includes the external loads F,F; which are applied to the

links and are shown as projections to the coordinate axes; the moments M;,M,

and the gravity forces G;,G;. Inertia forces of the links F,;,F

iHI? ' iHj

and the moment

of inertia forces M,

relative to the center of mass are calculated according to
the known kinematic characteristics of the structural group. Thus, we receive:

R, = [(FiﬂjX +Fy )l sing;, —(Fy, + Fj, +G; )1, cos g, er]/l1 cos(¢;, —&), (7)

where
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b="F,l, Sin((Piz +VK)_ Fyl, COS((Piz +YK)_ M; — M, _(Finiy _Gi)IMSi X
xXCOSQ;, + FiHiXIMSi sing;,;
Ry =R;sinE—F, —F ,; R, =-R;cos&-F, —F, , +G;. (8)

For the coupler MN (see Fig. 1, b) we can make two equations of the
forces projections sum on coordinate axes and define the reaction R, :

Rix = I:zjix - I:ix - |:iHiX; Riy = Rjiy o Fiy - FiHiy +Gi; Ri — R'i + le/ ) (9)

Kinetostatic analysis of the Assur group of the 2™ type in Mathcad.

The initial data is grouped into the matrices M,,M,,F in the same way as
it was shown above for the Kinetostatic analysis of the group of the 1% type.
Besides, in the initial data we must also specify the values of MN (see Fig.1, b)
and o, — angular velocity of crank rotation. The matrices of the initial data are:

Mp=(xy vy XM VM) Mp=| PR F=|Fix Fix
'19"'1 MSl JSI Fly ij

The main subroutine of the group kinetostatic analysis is shown below.

FGE(Ml,I\,IE,MN,F,uI) =
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X X" r W MK m: )« (M M M M M M M
(M YM XM YM %2 1) (11,1 11,2 11,3 11,4 21,1 21,2 21,3)

@ e m @ MS: Jo £)e (M M M M M M F
(¢ & i 9 MS; Ig; €) (22,1 2,5 M2, 5 M2y | M2y ) M, 1,2)

(™

M XM M XM
(S M)« | KDTw MS;,0,(¢; ¢ ¢ )| KDTw MN,0,(9; ¢ ¢)

M Y'M M Y'M

Fix Fiy Fix Fjy i K)« (F1,1 F2,1 F3,1 F2,2 F3,2 9p+ & KDTs(xppypp, MK, 0 + €))

(s; sy N N My ) (SiMLl SiML2 NML1 NML2 JSi"P"i"*‘lz)
(FiH,'lX FiHi'ly FiHJ'X Piﬁjy) «— (—mi-S"]-X-uulz —mi-S"iy-wlz —mj-N" 1-w12 —mj-N"g-uulz)
Bj ¢ —Fig:(Kx —xyp) = M~ My - (FiH_iy - 9-31'mi)'(‘3ix - XM) + P:iH_iX' (Siy - YM) + Ty (Ky - YM)]
(Aynm Az ) < (Ny—ym Nx—xy)
B; + (FiHJ-X i ij)'AYNM - (FiHJ-y +Fy - 9.Sl-mj)-Am,I
Ay sin(E) + Ayepnpgreos(€)
(Rjix Rj-ly) « (Rj-s'm(&) ~Fin j ~ Fjx Rjeos(®) - (F-IH_jy - ij) - 9.Sl-mj—|
(ij Riy) « (Rjix - FiH_iX - Fyy Rjiy - FiH—iy ~Fig+ 9.81-mi)

(& Ry Fiy i Fig j Bj Mg )

Mechanism of the I class. Let’s consider the case where the input link of
mechanism forms the rotational kinematic pair (see Fig. 1, ¢). The equations for

the equilibrium moment M, and reaction force Ry, :

M3p +MA(R12x)+MA(R12y)+MA(FiH1x)+MA(F

iHly

)+ MA(G1)+ M, = 0;(10)

M, (RlZX): —Rp,loasing;; M, (R12y): Rioyloa COSQ,; MA(FiHIX): Fox los, (11)
xSiNQ;; MA(FiHIy) =F.y Ios1 COSQ,; MA(Gl) = _Gllosl cose,; My, =-Js¢,.

1H

Ry = \/ R120x + I:elzoy ' Riox = R = Foass RlOy =-Rp, - Ft‘Hly +Gy; (12)

Kinetostatic analysis of the mechanism of the I class in Mathcad.
The parameters of the mechanism are shown on Fig.1, c. The Mathcad-
subroutine for the kinetostatic analysis of this mechanism is shown below:

FM1(Ry 4, Ry 1y, M, %.¥0.0A, 01,081, mp,w) ) =
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(XA YA Six Siyje(OA-cos(-;pl) OA-sin(-;pl) OSl-cos(-;pl) OSl-sin(-pl))

(FiH_lx FiH_ly)(_ (ml-OSl-wlz-cos(pl) ml-OSI-wlz-sin(-pl))

Fe[Ropy(va ~ vo) + Rary(xa—%0) - FiH_ly'(SiX - Xo) ~Joa™

+F; (S, — +981'my+S; — x5 - M
1H_1X( 1y yO) 1 ( 1 0)
(R]OX Rloy) <« (FSH‘L(";‘I) - FiH_].X + R21X 9811‘[11 - FlH_ly + R21Y - F'COS('QI))

(FiHil Ryg F)

Let’s consider an example of using the shown unified algorithms to
perform the Kkinetostatic analysis of six-link linkage mechanism of press.
Mathcad-program is shown below. Notice that kinematic characteristics of the
mechanism are considered to be predefined. The algorithms of the kinematic
analysis of the mechanisms of Il and 111 class were considered in [4-6].

Kinetostatic analysis of mechanism of press

D Dimensions of the links

a:=08 b:=13 0A:=015 AB:=135
BC:= 05 CD:= 0.66 DE := 0.57

Positions of the mass centers
0S; = 0.25-0A AS,:= 0.5-AB DS, := 04-DE

Mass of the links

1 360 570 600
my = —— My :i= —— My :i= —
& I 981 727 081 37 931
O}
425

m, = m mg i= —
4 2 757 9381

Moments of inertia of the links

Start position of crank g = 108,85-l Quantity of investigated positions N := 180

180

. Ty by
Crank rotating frequency, RPM ny =100 wy = 20 Crank angle 1 = ©p.Pg + 2E Qo+ 2T
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Kinetostatic analysis of Assur group of Il class and 2nd type (4-5)

| XD('Pl) |
() | [ )0
d 0 S_ﬁ
d* (o) 0 ms 2
FGE_Results('pl) = FG2 dlplzxn('ﬂ) , dipy .DE, o o |
2
£ d—z'wc'iz('wc'l] DSy Jgq 00
—p(r) | L 41
L dl\;ll -
A];:\{N(I‘Ol’i) = |ifi1<4 R43('1C'1) = R(I'P].’I)F
(x y) <—[(FGE_Results(q:-l)],j)X (FGE_Results('.pl]lsj]y—‘ R54(';-1) = R('.F-I,E)F
. F. w1 =R[wq,3
(ResultF Resultq] — (\." x2+ y2 FindAngle(X,Y}) FIH:EHCi; - R%.;.i 4;11:
Result « (FGE_Results(upl)l ,j) otherwise leﬁ()('ucl] — R('pl ,5)
Result Mg ;.l) = R("pl 6)

asy(er) = R(#y

Rasx(01) = Ry3(01)-cos(ay3( 1))

Kinetostatic analysis of Assur group of |l class and 1st type (2-3)

a(f]) 0 ASy 0
YA(';-l) b 0 0 "C'E(""l) '1"3('101) .
d d 0o o0
2 —¥ey) —waly
Fo1) | = 2%a(#1) 0 BC CD || 4 21 dey (41 AB, B o Ryax(1) |,y
dy s
d2 ZI‘OE(I‘Ol) —2'43'3('101) Jg3
—Y A( P 1) 0 0 0 dy 1 dyg 1
L9 _

FGI_Results( '.pl) =
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M-pl,i) = |lifi<s

R3p(p1) = Ry, 1)E

(x v)« “FGI_Results(-;pl)l,i)X (FGI_Results(-pl)l,i)y—‘ R30(-pl) _ R(L,Jl ’3)1:

(Resultp Resulty ) <« (1/ x2 + y2 FindAngle(x,y)) FiH3 (‘91) = R(‘?l :S)F

Result « (FGI_Results(-pl)l,i) otherwise Rzl(pl) = R(pl ’2)P

Result FiHZ(“?l) = R(‘*Pl :4)F

Migo (1) = R(1.6)

og(e1) = Rep- o azp(1) = Rw1:3)a opigs (1) = R(e1:5)a M3 (1) = R(e1.7)

an(ey) = R(¢1.2)a opmn (1) = R(#.4)a

Ro1x(91) = Ryy () cos(@ay(y)) R21y('191) = Ryy(0y)-sin(e (107))

Kinetostatic analysis of the mechanism of the | class (0-1)

FM1_Results(91) := FM1(Ry1(01).Rp1y(191):0.0,0,0A,01,08) ,my )
R(pp,i) = |if i< 2
(x y)(—((FMI_Results(-pl)l,i) (FMI_Results(xpl)l,i) ]
x y

(Resultp Resulty ) «— (-./ x2 + y2 FindAngle(x,y) )
Result « (FMI_Results(-‘pl) 1, '1) otherwise

Result
Fir1(91) = R(1.1)F i (1) = R(e1-1)a Ryg(91) = R(9152)F  apio(91) = R(912)a

Equilibrium force F, ()) := R(¢;.3)

The results of calculations (reaction and inertia forces, moments of inertia
forces, etc) are defined in Mathcad as functions (with the angle of crank rotation
¢, as parameter). Samples of the kinetostatic analy8sis results are shown below.
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ari10(#1)

Fig. 2.The samples of calculated results of kinetostatic analysis
Conclusions

The main advantage of the unified algorithms usage is that they can be
applied not only for particular linkage mechanisms, but for the different
mechanisms which include all the possible 5 types of Il class Assur groups with
any numbers of links. Besides, it enables to use both symbolic and numerical
power of Mathcad to make an optimization procedure and results visualization.

One of the most difficult tasks in the theory of mechanisms and machines
Is the synthesis of linkage mechanisms. In comparison with 3D Mechanical
CADs, Mathcad is more flexible in optimization and can be easily used for
implementation of the synthesis theories and engineering methods. Suggested
unified algorithms of kinetostatic analysis can be used to verify different
combinations of input parameters of mechanism which helps find better
solution.
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