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ABSTRACT

The article is devoted to the study of the contact interaction of a prestressed ring stamp and a half-space (base)
with initial (residual) stresses without taking friction forces into account. The problem is solved for the case of equal
roots of the resolving equation. The study is presented in a general form for the theory of large initial (finite)
deformations and two versions of the theory of small initial deformations in the framework of the linearized theory of
elasticity for an arbitrary structure of the elastic potential.

There is assumed that the initial states of the elastic ring stamp and the elastic half-space remain homogeneous and
equal. The study is carried out in the coordinates of the initial (residual) deformed state, which are interrelated with
Lagrange coordinates (natural state). In addition, the influence of the ring stamp causes small perturbations of the basic
elastic deformed state.

Also, it is assumed that the elastic ring stamp and the elastic half-space are made of different isotropic,
transversal-isotropic or composite materials.

Numerical analysis is presented by the form of graphs of contact stresses and displacements of a potential of a
harmonic type.

The influence of the initial (residual) stress on the contact interaction between the elastic ring stamp and the elastic
half-space of the potentials of a particular structure is investigated.

Keywords: linearized theory of elasticity, contact interaction, ring stamp, half-space; harmonic potential;

elastic bodies; theory of large initial (finite) deformations; theory of small initial deformations.

1. Introduction

Contact problems are an important part of the mechanics of a deformable solid and form the theoretical basis for
calculations for the contact strength, stiffness and wear resistance of mobile and fixed joints.

The applied needs of natural science, modern technology and the latest technologies in recent decades associated
with the necessity to predict the contact behavior of various designs, stimulated the development of various
mathematical models and methods of contact mechanics of bodies with different properties -1,

One of the important factors in the contact interaction of bodies is the influence of initial (residual) stresses.
Despite a significant achievement in the development of contact problems, nevertheless the issue of taking into account
the initial (residual) stresses in the contact interaction has remained almost completely undeveloped until recently. There
is known, that almost all elements of the construction have initial stress. It can be caused by various reasons, for
example, by technological operations conducted in the manufacture of a variety of materials or by assembly of a
structure. In the case of composite materials, the initial stresses, as a rule, correspond to stresses along the reinforcing
elements. In the earth's crust, they are formed due to the action of gravitational forces and technical processes. They
must be taken into account when solving the problems of deformation of soils (especially frozen ones). In addition, in

elasto-plastic bodies, internal residual stresses can also be present after removal of loads.
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In the general case, consideration of the initial (residual) stresses requires the using of the apparatus of the
nonlinear theory of elasticity™ 31 but for the sufficiently large initial (residual) loads, one can confine ourselves to its
linearized version(®-1%,

Linearized theory of elasticity for the bodies with initial (residual) stresses as the linearization of the nonlinear
theory of elasticity™ ! was first proposed in monograph !, Also, in his work [1?], the author, using considerations of a
physical nature and not always strictly adhering to the principle of linearization of the nonlinear theory, developed the
theory of incremental deformations for the bodies with initial stresses. Nevertheless, a simplified version of such
theory based on a physical nature was considered by Cauchy (XIX century). Today the results of the works[6-7 10 13, 14]
are completely based on the linearized theory of elastic bodies with initial (residual) stresses.

The fundamental results of the linearized theory of elasticity were obtained by academician Gusem A.N.[6-10:13. 15,
161 For the first time, he solved a number of contact problems for compressible and incompressible bodies by one of the
most effective approaches for materials with an arbitrary form of elastic potential and homogeneous initial (residual)
stresses.  This approach is based on the theory of the function of a complex variable for plane problems and potential
theory for spatial problems. Further development of the theory of contact interaction of bodies with initial (residual)
stresses was obtained in the works!® 10 13-201 A general analysis of the main methods and the best known results in all
directions of the contact interaction of bodies with initial (residual) stresses is presented in review articles!'* 21,

Allowance of initial (residual) stresses within the linearized theory of elasticity leads to a new formulation of the
problems of interaction of deformable solids, which significantly differ from the formulation of the problems of the
classical theory of elasticity. Taken into account the problems when the initial (residual) stresses of the system of basic
differential equations, the expressions of determining the components of the tensors of the stress-strain state and the
structure of the boundary conditions differ from the corresponding systems of equations and expressions of the classical
theory of elasticity, nevertheless, in their structure and nature they are similar to ordinary contact problems. Thus, from
the above, it follows the possibility of using many fundamental results and methods of the linear theory of elasticity.

The first equations of the linearized theory of elasticity of deformable bodies!'”! were obtained by linearizing
the basic relations of the nonlinear theory, taking into account the physical characteristics of the materials; these results
are obtained for small subcritical deformations in Lagrangian coordinates, which coincide with the Cartesian
coordinates in the undeformed state. Later the main relations were written in curvilinear coordinates using the tensor
analysis?!l; equations in displacements were also obtained, for which in a homogeneous subcritical state some methods
for their solution are considered.

A modern analysis of the approaches to constructing theories and basic results that are applied to the
three-dimensional linearized theory of elasticity of deformable bodies and the three-dimensional linearized theory of the
propagation of elastic waves in bodies with initial (residual) stresses is presented by the generalizing publication,
respectively 81, With the using of approaches of the modern type [®, modern analysis of the results is performed for a
wide range of problems of the linearized mechanics of deformed bodies, namely:

1) For problems of the contact interaction of elastic bodies with initial (residual) stresses ['42%];
2) For the stability theory of the local equilibrium state of black rocks!!’;

3) For exact solutions of plane mixed problems of linearized mechanics of deformable bodies [“;
4) For non-destructive ultrasonic methods for determining stresses in solids 161,

There are also a number of other generalizing publications about linearized mechanics. Moreover, the works
mentioned above are only fully or partially related to the subject matter of this article. More widely the history of
development and the range of problems of the linearized theory of elasticity are presented in 121,

Thus, the development of effective methods for calculating the stress-strain state with allowance for the initial
(residual) deformations within the framework of the linearized theory of elasticity is an actual and important scientific
and technical problem.

Today, in accordance to the problems related to contact problems for elastic bodies, results have been obtained on a
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wide range of issues. They are represented by works!® 7 13, 17. 18,22, 23] There are also a number of general publications
[5. 24,251 "which are fully or partially related to the subject of this study. Despite significant achievements, the number of
studies on the contact interaction of prestressed bodies is relatively small.

A rather detailed review of the work of rigid stamps (including ring ones) associated with contact pressure in the
case of absence of initial stresses is given in the monograph!?¢l,

The contact interaction of rigid and elastic stamps with prestressed bodies is presented in [3 67 13.17. 18, 22] ‘Moreover,
either the elastic potentials of a particular structure are considered, but also the problem is considered in a general form
for compressible (incompressible) bodies with the potential of an arbitrary structure on the basis of the linearized theory
of elasticity.

The solution of an axisymmetric contact problem on the pressure of a rigid ring stamp of a complex configuration
on an elastic layer with initial stresses is considered in!'”). The influence of initial stresses on the contact interaction of a
rigid ring stamp on an elastic half-space with initial (residual) stresses is presented inl!*],

In this paper, for the first time (residual) stresses, for the bodies with initial (residual) stresses!® 7 10: 13 141 the
problem of the pressure of a prestressed elastic ring stamp was first considered for a half-space with initial (residual)
stresses without allowance for friction forces for equal roots resolving equation!’). The investigation is carried out in a
general form for compressible and incompressible bodies for the theory of large initial deformations and for two

versions of the theory of small initial deformations for an arbitrary structure of the elastic potential.

2. Statement of the problem and basic relations.
2.1 Basic relationships

We will distinguish such states of bodies with initial (residual) stresses: natural (initial stresses absent), initial, and
disturbed state. All quantities, the last, consist of the sum of the values of the initial state and the corresponding
perturbations. Since the perturbations are assumed to be smaller than the corresponding values of the initial state, the
investigations are carried out within the framework of the linearized theory of elasticity [67-10- 13, 141,

For the study, we use the coordinates of the initial deformed state (y1, y2, y3), which are related to the Lagrange

coordinates (X1, X2, x3) (natural state): yi=\i xi (=13 . Here Ai (=13 are the elongation coefficients that determine

A; =const (i=1,3) . The y3 axis is directed along the normal to the contact area.

the movement of the initial state
We assume that the initial states in the ring stamp and the half-space are homogeneous and equal, and the elastic
potentials are twice continuously differentiable functions of the algebraic invariants of the Green's deformation tensor [
231, In this case the relations are:
i =X +Ups Uy =800, =D ;.
Then the basic equation in displacements for compressible bodies has the form:
LyUu =0, oo =®jup &[0 (i, m, 0, B =1,3) "
and for incompressible bodies together with the incompressibility condition:
L+t 910 =0, Lo = Ko [ 0,005 -
450U /0 =0, qj = Xidy» (i, j,m, o, B=1,3).
Expressions for determining the components of the stress tensor for compressible and incompressible bodies are

written as:
oU oU, AN AA
r_ o r_ a ’ v MB A
% = s o ¥~ Pyp g AP Oy _mwijaﬁ > e _MKWB

>

where ©imop> Kimop _ the components of the fourth order tensor of the elastic moduls,

pP= (11%)71 {[721111 _11%(33%)71( K133 +’%1313) :| A+ K5 a2/ ay;} 62/ 6}/5 ¥4
S =Sy #0 §=0 &=,
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For homogeneous initial stresses #”3, we express the roots of equations (1), (2) in terms



of the roots of the differential equation:
2 2)Aa 2 22 2N~
(A +E; 6/6y3)(A1+§3 8/6)/3)%:0’ 3)
where &1 =0°/0r% 77 8for

Taking into account the condition of the existence of a unique solution of the linearized theory of elasticity for

compressible and incompressible bodies, two versions of the representation of the general solution (3) are possible:
12 12
1) The case of equal roots € =& :

X =%+ V3X2s (Al +§’22 62/6)/32)5(1 =0, (Al +§’22 62/6)’32)5(2 =0

2 2
2) The case of unequal roots (& #5) :
X =% +%2s (Al +&7 az/aysz)f(l =0, (Al +e 62/6)’32)722 =0

“4)

(6))

In this study we dwell in detail only he case of equal roots of the resolving equation (3).

2.2 Formulation of the problem.

Let the finite prestressed ring stamp with a flat base, whose geometric axis of symmetry coincides with the y3 axis
of the cylindrical coordinate system (r, 6, y3), which is directed into the half-space (Fig. 1) and presses on the half-space

R,R

with the force P, after the initial deformed state. “'1>"*2 "~ internal and external radii of the stamp. We assume that the
external load is applied only to the free end of the resilient stamp. Under the action of the load, all points on the end of
the stamp move in the direction of the symmetry axis y3 by the same amount . We assume that the surfaces outside the
contact region remain free from the influence of external forces, and in the contact zone of displacement and stress, they
are continuous.

‘ya

Fig. 1. Pressure of a prestressed ring stamp on a half-space with initial (residual) stresses.

The materials of the contacting bodies are assumed to be isotropic compressible or incompressible with an
arbitrary structure of the elastic potential. In the case of orthotropic materials, it is assumed that the elastic-equivalent
directions coincide with the directions of the coordinate axes (y1, y2, y3).

The quantities that relate to the elastic stamp will be written with the superscript (1), and the quantities that relate
to the pre-stressed half-space with the initial (residual) stresses - with the superscript (2).

2.3 Border conditions

(r, 0, z,) z, :vi'ly3, v, z\/n_l., (i=12),

In the system of circular cylindrical coordinates , Where



1?2 12

=525 M =53 guch a formulation corresponds to the boundary conditions:
oy -l
1) at the end of the elastic stamp z =My,
(O (1) —
Uy’ =—¢, =0 (R <r<R) ©)
2) on the boundary of an elastic half-space in the region of contact z;=0:
O _77@. A _AH2). HD _ (2)
Ui =Us" Oy =05 O = =0 (R<r<R) )
3) on the boundary of the elastic half-space outside the contact region z;=0:
02 =0, U”=0, 0?=0 (0<r<R R,<r<ox) ©
4) on the outer side surface of the elastic stamp r=Ro:
0V =0, 0)=0 (0<z <HV") o
5) on the inner side surface of the elastic stamp r=R;:
OV =0, V=0 (0<z <HV" (10)

The condition of equilibrium, which establishes the relationship between the draft of the butt and the resultant load

P=-2n j ro2(0,

To determine the stress-strain state in an elastic ring stamp with initial (residual) stresses, we use the linearized
equations (1) - (2), from which the expressions for the components of the displacement vector and the stress tensor for

compressible and incompressible bodies follow. Then the general solution (4) for the case of equal roots n; = n of the

resolving equation (3) is taken in

r)dr
an

the form

eviz,(14+v,z)

_(Rl_

n Ly(yovR)—L,(Y W R,)

+i vz, B, (1+vz) 1+m2f(R R)+
R)(1-m,) R -R, L=m, """

k=1

R +R,

2 A2 - -
(1 i N = 3 = ]} + (4, +viz,B) I (v,vr)sin(y,vz,) +

+Axwaxﬁxaﬂo+wai«ua»%w

X1 =

" Li(yvR)—1,(y,vR,)

€v,z, -
+
(Rl _Rz)(l_mz) kz=;

R +R,

1-m,

X2 =

n Li(yvR) - 1,(yvR,)

€v,z, -
+
(Rl _Rz)(l_mz) kz=;

v,0 3t =222 ~ . ~
( e 3 1 ]}"’ AL (v vr)sin(yviz) + Jo(0,2))S,(0,z) )N,

v,z B 1+m
llYk {1_ Zﬁ(Rl’R2)+

R +R,

where

2 2
(1 ‘jenli = 3 = j} + B L, (v, vyr)sin(yvz,) + Jo(a,2) S5 (e, 2,) )N
2

4Hm(L+ H) R +RR + R} 2

3
2 3 n,

0,=

E)



R R
Si(RLR) =—RI,(y, R, )+ —L o (YR (Y, R,) — 21 L (y v R, (Y R) +
TR, TR,
+ R, (v v R,) — > —Ly(y v RO (YW R) +— > —=L(yvR), (v v R,)

5, = Bysh(oyz)+ Fuch(o,2), 5, = sh(a,2)+ Mycho,z), M, = —cth(o ') F = —s0;'

1 = (RSOH z(lo(yklel) -1, (y,vR)) S n H jN
=
2n, (R22 - Rlz)ll (YoviR) Vl'Yi 2

E, = Heth* (0, Hv,") — F,cth(a, Hv,") - H,
— %(R2 —R)J, (o, R){H o, (C,sh(o, Hv, ") + ¢ (1 = ch(o, Hv, )1 = s,sh(o, Hv ) +
2 V2 1) 0\My k\o AV 1 AN 0 Lo

+ (1= ch® (o, Hv,)(v,(C, + T, — ) — EOSO)}/{yk (ch*(o, Hv" ) - D)|[H(1-¢, + H(3C, +2¢, —
=42 (YR) = 1y (v R) + Eom (R = RO, (v R) |
R=(R,—R)H(r—R)—(R, —R)H(r— R,) +8(R,)(2R, — R,) + 8(R)R,,
HO) = he Heaviside function, ()~ L(x)-
J,(x), 1,(x)-

the Dirac function, the modified Struve function,

the Bessel functions of the real and imaginary argument, respectively.

! ! ! ! -1 . -1
_ {(0)1111”1 — @y (@133 + Oy3) o {(a’{]ss — )@ 35+ Ofy3) s (1+my)
-1 2= 0= o
Agn(A4q); L (I+my)
b
-1 -1 -1
: _{@{111@{122» : _{ml}"3w1133((‘)1122n1) > : _{7\’3('0{133(’"2 —I)(@11m) ",
0~ -1 N -1 B -1
Mgy (K133 +%0313)(Aag3K102) s (330 = K5113)(K{100m) K313 (Kjiom) s

Then we obtain formulas for the displacement components for compressible and incompressible bodies:

Ul = _Z{6C(k) (v;] +2z, ) +yvd (My,r) |:(‘Zk + vlzlék ) ¥y €08(7,v,2,) + Bk Sin(7kvlz1)] -

k=1

—aJ, (o) i (S (e,2,) + vz, (42,)) -5, (a2, )]}Nk
(v

U3(1) = 2 ¢ + i {12m1(7(()k)z1 +z, ) +(1=m,)v, [gl(()k) +3C~’(§k) (rz —2212 )} +
17y k=l (12)
Vil (kal’”)[(;lk +2,8, )mﬂk sin(y,wz,) + (1-m,) By COS(YkVIZI):| -
_aknl’lJO(akr)[mlak(:?z(akzl) +2,.85( akzl)) +(my ~D)nSY o,2) } N,

Y53 = const

And the components of the stress vector for and 7 =COnSt respectively:

0 = C44k§;{12@é") [(1 +m,)], (vl‘1 + 21) +(1+m,) lzzl] +y v Ly, vlr)[( L+m) ly, (4 +
2,8, cos(y,vz,) + (1+m, ) LB, sin(y,v,z,) |-
—ai (@) (1+m o™ (S, (2 J+0zSs (z))+ (1 my VLS, (@ )] IV,
0 = C44Z{ 6CFr (1+ mz)v1 +yvd (y,vr) [(1 +m, )y/k (;lk + vlzlék)sin(}/kvlzl) -
—(1 +m, ) B, cos(j/kvlzl)] +

+ajv'J, (akr)[ak (1+m, )(52 (e,2,)+ vz, (a,z, )) +(1+m,) S, (e, z, )J} N, 03
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0, =-D, ,i {6CH [V (148, -28)+(3+8, 4, +28,) 7 |+
Ty, (ykv1 I Crn) [ (G =G ) (A + 291 By Jeos(r,zv) +
+(G =& +&) By sin(y,zw) |+ (1= )1, (rovryr ™ [yk cos(y,zv,) (d, + 2B, W B, sin(y,z, )] }
~a (o g0 ) o7 {68 (7 ) -
-85, (042 (& & +6) 8y (042) |+ (1)) i (e [ ooi S, (o) + 85 (o2 )])}Nk
S, = E,ch(o,z,)+ F.ch(a, z,) ’ Sy =ch(o,z,)+ M, sh(o,z,) ’

vo, (v R)—1,(yvR,)) y B
R +R, e

>

where

o0

A = i )Z{(Hmz)ﬁ(&,m

o0

~ V. B
4 = SO LR

! !
[0) [0)
1122 1313°
D, :{ C,, :{ ,

K12 -
K';;13(K'1331+ A (K '3 K133 )(Aags + 11%”’1)71);
I = {(a)alm (my +my —1) = @ 551, )(m @y, 5 (1+m, ),
=

-1 -1 -1 -1 -1
(K'3333 m, + (21 q, /13%’('1111_2’('1133_ K'1313)n1 _3;{1 4q, 13%7(3113)(2”1’('1313) .

Stress-strain state in the elastic half-space with initial (residual) voltage equal to root (ni=nz) is defined by

o 1.
/= {a){m (@131 + (0315 = O3 @135 + O3 (@] 1y + @53) ),
=

harmonic function Hankel integrals. Having satisfied the third condition (7), the third - (8), after a number of
transformations we have

1 2F F
UP = ——I%Jo(nr)dn, U = wJ%JlW)dn’
30 0

® 0
i) === [ Fndy(ndn. - 05 =0,
Ry~ Ry (14)

S=SO_

3 =C4411(1+m1)(5—so)’ O =S5, _1’ , .

where
3. Materials and Methods.
Using the solution for the cylinder (12) — (13) and satisfying the second condition (6), the second condition (9) and

the second condition (10), we find the eigenvalues of the problem (6) — (11) (for the case of equal roots ni = nz):
_ w2k +1) o =M

T H TR (Jl(uk)=0).(15)
Having satisfied the first conditions (7) and (8), we define the unknown function F(n) for (14) from the pairwise

integral equations (for equal roots):

_[F(H)Jo(ﬂ’”)dﬂZO 0<r<R,R, <r<m)
‘ . (16)
1—

-€ X ~ ~ m -
) ==+ 3 (A +3r7 C)—2 4y, Iy ()1 = my) By —
R, —-R 5 i

where
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o ~
—— o (o) m o Fi 4+, (my —1>)>Nk
1

The application of the inversion formula to (16) leads to an integral equation of the Fredholm’s type of the second

kind with respect to the function F(n)), that is

Fo 20, <e+ i{(nmz)fl (R, Ry)+ AR =L CiRe) (6 3 R2 — Ry, By (n,0) +

n (R, —Ry) k=1 Ry, + R,
. ~ o
+(R — Rz){}’k‘lfo M1y (R —R))(1—my) B, + n—k\lfo M, e (A =y vy —somy )H Nk>
1 (17)
1 . . .
xsinxcos y— ysin ycosx sinx
v, (x,y) = J.t" cosxtcos ytdt, y(x,y)= Jz/ y2 o4 s Wol(x,0)=—-,
0 X" =y x
where 1€
. xsin xchy + yshy cos x . sh
Wo(x,iy) = R w0y =T
x 4y Yy

Having satisfied the second boundary condition (7), we have

. I . .
R (v RV A, — oy (RyJy (04 Ry) = Ry Ty (o Ry ))(v—l (A+my)oy By +(1+my)l, M, )> Ny
I

Having satisfied the first two boundary conditions (7), taking into account the orthogonality of the Bessel functions
Jo (ukp) and the values of the integrals

0 1 e}
[nw, (.adn[pJoMmp), (pddp =, (1,10, [ wo(Mape) s (mdn = yo (0 ),
0 0 0

© Ry 1
J.\Ifo m,0)J;(m)dn =1, I pJo(eP)Jo (1, p)dp = —“2 “2 (Ryp, Jo (W R, (1, Ry) — Ry Jo (1, R (W Ry) —
0 R -

k n
=Ry, Jo (W Ry)J (1, Ry) + Ry o (W, Ry )y (M Ry))

to determine the constants N; (i = 0,1,2, ...) that occur in (12) - (14) and (16), we obtain an infinite system of

algebraic equations

Dtk =B (k=0,1,2,..)
=0 .(18)
We represent the coefficients of the system in the form

T = {(1 +m, )fl (RpRz) + IO (YnVIRlle) ; ;)('Yn"HRz)(lel - (R22 - Rl2 )(1 - mz))}YnEk +
1 2

~ . a
+ (R, = Ry, B (1= my)yo (0.iy,v,R) + o (Ot (=, )y, + sy =

1
~ C 200+ m)Ly, B, (I, (v, v,R) = I, (v, R,)) +v2 (1 + m) v, (R, (Y, 0, R,) —
~RIL, (v »R)4, —0o,(RJ (o, R,)— R J (a0, R))((1+m, )llv;1a17Ek +(1+m,),M, )}’
2m.€
Bk = A
TR R,

Using the equilibrium condition (11), we establish the relationship between the draft and the resultant load P in the

form

‘mf‘%i{klomw ~ L, (Y R0, — (RS = RY)(1=m,))y, -
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(1= my)v; sh(y, (R, = RIB, +v; sinp, ((my Dy, —sym)IN,

Having determined the unknown constants N; (i=0,1,2,..) from the system (18), we calculate the displacements and
stresses both in the elastic stamp and in the elastic half-space by the formulas (12) - (14). As a result, we represent the
solution in the form of series through an infinite system of constants, which are determined from the system of linear

algebraic equations (18). Moreover, in the system (18) the coefficients B and depend on the quantities that
determine the structure of the elastic potential, the height of the elastic stamp H, and the free terms depend only on the
roots of the characteristic equation ni, n.

4. Results.

4.1 Numerical analysis.
The numerical solution of the system (18) is carried out in the work by the reduction method for the harmonic

-5
potential at such values of the parameters: R1=1.0, R2 =20, €= 10 s E =3.92, 0=0.47,1,=0.7,0.8,0.9, 1.0, 1.1,

1.2, 1.3,, where R<srsg, . The algorithm for solving this problem is implemented in the form of a computer
program in the package Maple 17.

L 33 an
On Fig. 2, 3, there are, respectively, the distribution of the normal contact voltage € and displacement €
under the ring stamp in the contact zone in dimensionless coordinates. = Moreover, the values of the elongation
coefficients A1 correspond to the curves from the bottom up ascending A1. The dotted curves correspond to a half-space

without initial stresses (A1 = 1), and solid curves correspond to initial (residual) stresses.

1

—Uf”
=13 e

4 20 -

Low,
£ 54

— h=12

| 15

o N=10

k=09 104

——M=08

— =07 51

02 0.4 06 08

Fig. 2. Normal contact voltages. Harmonic potential Fig. 3. Normal contact movements. Harmonic potential
On Fig. 2, the origin along the r axis corresponds to the value.
The quantitative characteristics of the influence of the initial (residual) stresses (in percent) with respect to the
half-space and the ring stamp without initial stresses are presented in Table 1.
Table 1. Influence of initial stresses on the contact interaction of an elastic half-space and an elastic ring
stamp (potential of a harmonic type).

633/ G0 Decrease, % Increase, %

M

. 0.7 0.8 0.9 1.0 1.1 1.2 1.3
0.1 72.6 25.5 33.1 0 37.4 48.3 96.9
0.2 74.3 30.1 37.4 0 28.6 38.7 84.1
0.3 74.4 30.3 37.7 0 28.0 38.1 83.4
0.4 74.4 30.4 37.7 0 28.0 38.1 83.3
0.5 74.4 30.4 37.7 0 28.0 38.1 83.3
0.6 74.4 30.4 37.7 0 28.0 38.1 83.3
0.7 74.4 30.3 37.7 0 28.0 38.1 83.4
0.8 74.3 30.1 37.4 0 28.6 38.7 84.1




0.9 72.6 | 255 | 35.1 o [374 483 96.9

From Table 1, we can see that the initial (residual) stresses under compression lead to a decrease in the stress force in

the elastic ring stamp and half-space, and when stretching, they increase.

Table 2. Numerical values of the force P/e.

A 0,7 0,8 0,9 1 11

b}

1,2

b}

ITorenmuan

TapMOHHYECKOTO THIIA
P/8 0,3458 0,4128 0,4401 0,4521 0,4567 0,4576

Table 2 also shows the ratio of the numerical values of the force P, which acts on the upper end of the resilient stamp, for given
initial (residual) stresses with a case without initial stresses. The case without initial (residual) stresses is highlighted in table 2
in bold type.

4.2. Analysis of the regularity of the influence of initial (residual) stresses on the distribution
of contact characteristics

To determine the effect of initial stresses on contact voltages and the displacement (zi=0) of an elastic half-space
and an annular stamp with initial (residual) stresses, it is convenient to use the functions introduced earlier by A.N.
Guzem (1991). Taking into account [7] and (6) - (10), for a stamp and a half-space with initial (residual) stresses, we
introduce potentials in a system of cylindrical coordinates (z, 6, z1).

For equal roots of the defining equation (3):
O (r,z) = (tm) - f(r,2), 0y(riz) ==(1+my) - f(r,2) (19)
Besides:

o
¢ == s Oy ==X
v,0z,
Taking into account (19) at the contact boundary at z; = 0 for a stamp and a half-space with initial (residual)
stresses, we have the relation:

U (r,20) = (1 2 = m) v (L m) (14 mo)) ™0 (r.2) [0 O (r.2) = Cag (=) 07/ (r.20)/ 02
UL (r,2) = (my =m )L+ m)(A+my) ™" -0f (r, 7)) for (20)
Substituting (20), the second and third boundary conditions (7) and (8) for z; = 0, we obtain
o* f oz} ZGEIG(F),ano<r<R, 2 =0, of ez, =0 uR<r<w, %=0 @

0 _{C44(12 —h), npun = ny;
o =

where o(r) is the right-hand side of the second boundary condition (7), Caa(lyvy =), mpu m # .

The mixed axisymmetric problem (21), (3) for z;<0 in the case of the harmonic potential f coincides with the
analogous problem for the harmonic potential in the classical formulation of the linear theory of elasticity [, if

substituting B = 0,51

Therefore, for a potential of a harmonic type, we obtain a solution in the form of a Fourier-Bessel integral [7]:
t

© R
[(rz) = [n7'© ) Iorm)e ™ dz, @ () =2(n6,) " | sin(nt){ [yo() —y2>‘°-5ddet
0 0 0

Comparing (20) with the corresponding expressions for an isotropic body without initial stresses ['!], taking into
account (21), we obtain expressions for displacements and stresses at z;=0 in an elastic body with initial (residual)
stresses in the form:

Us(r,0) =k-U3 (1,0, U, (,0) =k, U (1,0, Os(r,0) =k, 05 (7,0) 22)

where Us(r,0) , U, (r,0) , O53(r,0) _ displacement and stress under the stamp, which presses on an elastic half-space
with initial (residual) stresses;

US(r.0) U (0)  05(r.0)

without initial (residual) stresses;

— displacement and stress under the stamp, which presses on an elastic half-space

10



k, kr, ks are coefficients that reflect the influence of initial (residual) stresses on the contact interaction of
elastic bodies.
As a result, we obtain for equal roots (3):
k = 2u(u+ )(L+2my = my )(Cog vy Qe+ )G = )+ m)(+my) ™
k, =2(u+A)(my —my )(Cyy (h = L)1+ my )(1+m, D kg =Cyy(li -1, 2w
Consider the numerical representation of the study for the potential of the harmonic type and the

Bartenev-Khazanovich potential at E =3.92, 6 = 0.47.
Consequently, we obtain the conditions for the surface instability of the material. For potentials of a harmonious

(23)

type and Bartenev-Khazanovich, they numerically correspond to values of the initial elongation coefficient Al
presented in Tables 3-5 in the first two rows of the first column, respectively.

Table 3. Numerical dependence of k on the extension parameter A

k Potential of the | Potential of the harmonic type
M Bartenev-Khazanovich
0.5951417003 - ©
0.6933612743 0 1.539602504
0.7 19.79133718 1.506070972
0.8 1.708756425 1.244628239
0.9 1.165274009 1.116645537
1 1 1
1.1 0.9328196304 0.8532624739
1.2 0.9048418542 0.6305659580
1.3 0.8960706168 0.2329799840

The dependence of the change in the coefficients k, kr, ks (23) from the equations (22), which determine the
influence of the initial (residual) stresses on the contact stresses and the displacement of the elastic stamp and half-space,
are presented in Tables 3-5 and Figures 4-6. It is seen that as the coefficient of elongation A1 approaches the values of
the surface instability of the material, the displacements increase indefinitely, and the stresses approach zero.

Table 4. Numerical dependence of kr on the extension parameter A1

ke Potential of the Bartenev-Khazanovich | Potential of the harmonic type
Al
0.5951417003 - 0
0.6933612743 0 23.45290413
0.7 12.10103448 21.75675679
0.8 1.582686567 9.011857735
0.9 1.184928391 4.003984057
1 1 1
1.1 0.8661844303 -1.190858047
1.2 0.7494455067 -2.971887550
1.3 0.6381810052 -4.517518655

11



0.7

0.8

0.9

= Potential of Bartenev-Khazanovych
e Harmonious potential

Figure 4. Graphical dependence of k on A

kr 15

= Harmonious potential
= Potential of Bartenev-Khazanovych

Figure 5. Graphical dependence of k; on A

From Tables 3 through 5 and Figures 4-6, it can be seen that the initial (residual) stresses during compression lead

to a decrease in the stress force in the ring stamp and the base (half-space), and in tension, to their increase.

of displacements, everything is reversed.

ks 15+
1 -
0.5

0 T Y T T . T w T T

0.6 0.7 0.8 0.9 1.0 1.1 1.2

— Harmonious potential
Potential of Bartenev-Khazanovych

Figure 6. Graphical dependence of ks on A

Table 5. Numerical dependence of ks on the extension parameter A1

In the case

ks Potential of the Bartenev-Khazanovich Potential of the harmonic type
M
0.5951417003 - 0
0.6933612743 0 0.3127940248
0.7 44.38413794 4.790678243
0.8 2.610746268 2.322267136
0.9 1.359713564 1.453924679
1 1 1
1.1 0.884737721 0.714235222
1.2 0.877782027 0.513225733
1.3 0.932724021 0.360898204
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Thus, when the initial (residual) stresses approach the values of the surface instability of the material, effects of a
"resonant" nature appear. Namely, a mechanical effect has been revealed, which is confirmed by earlier studies by
Academician A.N. Guzy (for cracks) [10] and prof. V.B. Rudnitskii (for a finite stamp of arbitrary cross section without
initial stresses with a half-space with initial (residual) stresses) U],

4.3. Numerical results

On the basis of numerical analysis, it can be seen that the maximum values of contact displacements (Fig. 3) are
achieved at points slightly closer to the outer side of the elastic ring stamp in the contact area.

In addition, it follows from numerical studies that, under constant external loading, a change in the elastic potential
leads to a change in the character of the distribution of contact stresses and displacements under an elastic ring stamp.
And the influence of the initial (residual) stresses on the stress-strain state of the elastic half-space, into which the
elastic ring stamp is pressed, is as follows:

4.3.1. The initial (residual) stresses in the half-space and the stamp are reduced in the case of compression (A1 <I)
to a decrease in stress, and in the case of tension (A1> 1) - to increase (Fig. 2, Table 1);

4.3.2. In the case of displacements (Fig. 3) - on the contrary. ~With compression (A1 <1), the initial (residual)
stresses in the half-space and stamp cause an increase in displacements in absolute value, and in the case of stretching
(A1> 1) - to reduce them. And for contact movements unsafe are the initial (residual) stresses in the case of compression,
and for contact stresses - in the case of stretching;

4.3.3. Inthe absence of initial (residual) stresses (Ai=1), the results obtained coincide with the classical ones 7],

4.3.4. 1t also follows from Table 2 that for a constant value of the end face of stamp € for a potential of a
harmonic type, the presence of initial (residual) stresses leads to the following:

4.3.4.1. In the case of compression (A1 <1) - the resultant load P decreases;

4.3.4.2. In the case of stretching (A1>1) - the resultant load P increases.

4.3.5. It is found that at A1 — Ak the influence of initial (residual) stresses in the elastic basis (half-space) is
rapidly decreasing, and in the elastic ring stamp is approaching zero. That is, as in [7], a mechanical effect is found.
And it consists in the fact that the elastic ring stamp is in a state of elastic equilibrium and has practically no effect on
the substrate (half-space).

5. Discussion.

Analysis of the research results shows that the presence of a prestressed state in the contact interaction of an elastic
ring stamp and an elastic half-space makes it possible to regulate the contact of stress and displacement when
calculating the design and details of the mechanisms for strength.

Therefore, the practical significance of the findings of the study is that:

1. This research is aimed to solving the spatial axisymmetric static problem of the pressure of an elastic ring stamp
on an elastic half-space with allowance for the initial stressed state. The results of the investigations made it possible
to formulate the characteristic ratios for the potentials of an arbitrary structure for the components of the stress-strain
state in the contact zone;

2. Analytical relations are obtained the reflect the influence of initial stresses on the law of distribution of contact
stresses and displacements;

3. The principle of solution proposed in the article can be used to study various isotropic, transversal-isotropic or

composite materials in the design of process equipment, columns of buildings and other structures.
6. Conclusion.

In this paper we present and solve a new static contact problem on the pressure of an elastic ring stamp with initial
(residual) stresses on an elastic half-space (base) with initial (residual) stresses without allowance for friction forces.

The value of the studies carried out is that taking into account the influence of the initial (residual) stresses in
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the bodies on the law of distribution of the contact characteristics of elastic bodies at the points of their interaction can
allow us to take into account, more effectively, the wear resistance of materials by properly estimating their strength
reserves.  Also, it can sufficiently reduce their material consumption, while retaining the necessary functional
characteristics of materials.

Taking into account the obtained results, as well as previous studies on the contact interaction of elastic bodies [*
6,7.10,.13, 14,1720, 23] ‘the following conclusions can be set:

1 The initial (residual) stresses act in high-elastic materials in comparison with more rigid materials, but
qualitatively, their influence persists;

2. The situation is unsafe when the initial (residual) stresses approach the values of the surface
instability of the material, because the contact characteristics sharply change their values.

Consequently, the observed effect of the initial (residual) stresses is significant and must be taken into account
when calculating the strength in structural details.
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9. Appendix.

In this paper, within the framework of the linearized theory of elasticity, the general relations of the stress-strain
state of the contacting elastic bodies are written out using the reference method, which is given in the monographs of
Academician A.N. Guzia [®7- 3], The construction of analytical solutions for an elastic ring stamp and a half-space with
initial (residual) stresses occurred using methods of separation of variables (the Fourier method) and Hankel integral
transforms, respectively. We also used a method solving paired integral equations with their subsequent reduction to an
integral equation of the Fredholm type of the second kind. In the article, the problem reduces to solve an infinite system
of linear algebraic equations, which is solved by the reduction method and software tools (Maple 17).

Also, given that the study deals with elastic bodies, the main property of which is the recurrence of the processes
occurring in them. We confine ourselves to the consideration of hyperelastic bodies. Here we have in mind bodies for
which there exists an elastic potential ®.

We assume that the potential ® is a twice continuously differentiable function of the algebraic invariants of the
Green's deformation tensor £ [7],

O =D(A1, Az, Aj), (24)

Al=et et g3, Ar=ei+ e+ e, As=er+ e+ &3, (25)

where & (1 = 1,2,3) are the main values of the tensor & of the Green's deformations. It means that the directions of
the coordinate lines coincide with the principal directions of the tensor.

The potential (24) is convenient for compressible isotropic bodies.  For incompressible isotropic bodies
invariants of the form

[=3+24, I,=3+44+2(4>—A4,), I, =1+24 +2(A> - 4,)+4/3(24, 34,4 + A})

Moreover, in the case of an incompressible body .

At researches sometimes use and the following system of invariants:
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S =(4-D)+(h-D)+(4-1). §=(4-1)+(Ah-1)+(4-1).
S = (A1) +(4 1) +(4-1) (26)

This system of invariants can be applied to the nonlinear theory of elasticity of small deformations "1, In this case,

with a certain accuracy (26), will have the form
S,=4. 5,=4,. 5,=4,.
Besides:

& =05 -1), 5=4 -1, (i=13)

where 0= the relative coefficients of elongation.

We note that the form of the potential (24) does not in any way reduce the generalization of the formulation of the
problem, since any system of invariants of the Green's deformation tensor can be expressed in terms of (25) . In
addition, it was shown in [7, 8, 13] that different systems of invariants of strain tensors (Almance and others) can be
expressed in terms of (25).

For example, for an incompressible isotropic body in the rather general case [}, the elastic potential (24) can be

i\ :Zcz‘,_/ (11_3)i (11_3)j
i

And for compressible isotropic bodies:

represented by a series:

civjok
o= Cl:,j,k s 1 S ZJ SS
ijk , 27
If in (27) we confine ourselves to a quadratic approximation, we will accordingly obtain a potential of a harmonic
type 1281,
I, . ~
O=—A5 +us,
2 . (28)
The simplest potential for incompressible isotropic bodies is the Bartenev-Khazanovich potential [6, 7, 13], in
which invariants (26) are used:
O =2us,
More complex structures of elastic potentials are partially presented in [71.

We represent the values of a number of quantities that relate to the potential of the harmonic type (28):

A 8,Qum A+ Ayt -3) _2u—A(A+Ah+A-3)
if ﬂ“[ﬂ’ﬁ /1[3 i Ai/lj (ﬂi + ﬂj)

P =25 | A(A+ 2+ A =3)+2u (2, 1))

Al E Eo

n1=n2=_23 ﬂ:

A

, A= , V=V,
2(1+0) (1+o0)1-20)

2u+A(3-24) n_on _ 24

- Si=8§2==F(3 -
A=A ﬁs A+2u 0 0 21 (/11
' /lzﬂ’ ' j“_2,u i

Wy z—ﬁwz‘jaﬁ’ Oy == Wy :%
A A A

' ﬂ‘ ' 22, - ' 2
a)1133 =— a)1221 :M’ —A

A4 A

_Ah
21’
%)

A
A+2u), @y =—,
(A+2u), o 7

a)3113 - ’
Ad+4)

15



wllm = 21“23 > wl'212 :ﬂ’ wf331 = 21”11 5
A +4) 4 (A4 +4)
2k A _AA(A-204

Coypy =" o Mp=—7, M= ’
G+ T T I G2,

[—ﬁ 1_1_2‘“_(1"'4#)4 C2u+32-(3A+4u) A4
AL 2 A T opesa-an
O /. A -2wA)A
DU 2ua3a-247 T QuAdA Ak T A +(A+20A)A
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