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Chapter 1

Contact Problems for Cylindrical Stamps and
Elastic Bodies with Initial (Residual) Stresses

Natalia Yaretska

Abstract The chapter is devoted to contact problems of a cylindrical punch with
prestressed bodies without consideration of friction. It highlights the problems con-
cerning rigid or elastic ring-shaped punches on a half-space with initial stresses,
problems for prestressed cylindrical punch and elastic layer, and the problem with
two prestressed half-spaces with elastic cylindrical punches with initial stresses. The
results are expressed in the general form for the theory of large initial deformations
and two options for the theory of small initial deformations under the arbitrary form
of an elastic potential. Many fundamental results are used to study the problem, such
as Hankel’s transformations, dual integral equations, orthogonal polynomials, and
other contact mechanics methods of linearized elasticity theory.

1.1 Introduction

Studying the problems of contact mechanics, which is the primary purpose of this
chapter, is a fundamental issue since contact interaction is one of the most common
ways of transmitting external loads in practice. Contact mechanics allows us to
find die-pressure distribution, study its concentration, and develop ways to reduce
it. The significance of this problem has no doubts from the point of view of the
development of fundamental achievements in contact mechanics as from the point of
view of the applied branches of modern technology. Furthermore, contact mechanics
theory is critical in mechanical engineering since the contact of structural members
with each other carries out the force transfer in machines and columns of buildings.
Also, similar problems can occur when calculating the critical characteristics of
foundations of building columns, chimneys, cooling towers, water towers, and other
high-rise structures for wind load or load from their weight.
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4 Natalia Yaretska

The circle of problems about the contact of elastic, viscoelastic, and plastic bodies
without initial stresses is quite broad [1]. Nevertheless, modern engineering practice
demands have presented some new problems to researchers. They require the use of
more complex continuous medium models. These are problems with complicated
physical and mechanical properties. Models of contact interaction must consider the
following factors: heat generation, the effect of friction, stiffness, surface properties
of the material, and wear resistance of the surface.

Another fundamental problem of contact mechanics is the consideration of initial
stresses, which need to be studied more intensely. Various factors, such as technolog-
ical operations, manufacturing processes, and assembly of structures, cause initial
stresses. When applying geostatic and geodynamic forces, the initial stresses arise in
the earth’s crust. We consider initial stresses when solving problems about the defor-
mation of soils (especially frozen ones). They arise due to technological processes in
the creation of composite materials. Initial stresses are present in the blood vessels
of living organisms. Internal residual stresses may exist in elastoplastic bodies after
the removal of the load. Sometimes it is appropriate to deliberately create initial
stresses (residual and technological) to compensate for those that arise in structural
members. Such an approach increases the strength characteristics of the structure.
Of particular interest is the study of contact problems for prestressed bodies due
to the manufacturing of new artificial materials that can withstand large initial de-
formations. Considering the initial stresses in the approbation of critical structural
members makes it possible to use strength resources more effectively, significantly
reducing material consumption.

Quite often, in order to increase the strength of the structure, there is a need to
strengthen some of its load-bearing elements with elastic fasteners (stringers). The
results of research that accounted for initial stresses in the structure were carried
out in [2, 3]. As in the mentioned papers, the current study is characterized by all
considered punches being elastic, and the bases are prestressed.

Two approaches have historically been developed while studying problems of
contact interaction of bodies with initial stresses. The first one is related to studying
bodies with a specific form of elastic potential. The paper [4] became pioneering in
this field of research. It deals with the problem of a coin-shaped crack in the case of
an incompressible elastic body with initial stresses for the Treloar potential (a body
of the neo-Hookean type). Studies related to this approach are reviewed in [5, 6] for
other potentials.

The second approach [7, 8, 9] is developed in parallel with the first one. It is
related to the study of problems formulated for elastic bodies with initial stresses
with an arbitrary structure of elastic potential. In the mentioned papers, the problems
are solved in a general way for compressible and incompressible materials. For this
purpose, the theories of large (finite) initial strains and two versions of the theory of
small initial strains for equal and unequal roots of the characteristic equation are used
[10, 11]. All the results presented in this chapter are obtained within the framework
of the second approach. The authors believe it has several advantages compared to
the first approach.
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Thus, the same problem (contact or crack problem) for prestressed bodies was
considered by some authors, for example, for the Treloar potential and by other
authors for the Mooney potential, that is, for a specific form of elastic potential.
This chapter presents the research results in a single general form for compressible
and incompressible prestressed bodies for an arbitrary structure of the elastic poten-
tial. Specific elastic potentials were used only at the final research stage (obtaining
numerical results).

Contact problems for rigid and elastic punches within the framework of the second
approach in Ukraine were solved in the works of Guz, Rudnytskyi, Hryhorenko,
Ramskyi, Dikhtyaruk, Glukhov, Prymachenko, Matnyak, Babych, and Yaretska [10,
11,12, 13, 14, 15, 16, 17]. In the current chapter, using the relations of the linearized
theory of elasticity, the main results of research on contact interaction are presented,
namely: the 3D problem on a prestressed cylindrical punch and an elastic layer with
initial stresses [13, 16]; problems dealing with the pressure of two prestressed half-
spaces on an elastic cylindrical punch with initial stresses [18]; problems on a rigid
ring-shaped punch with a half-space with initial stresses [14]; problems dealing with
the pressure of a prestressed elastic ring-shaped punch with a flat base on a half-space
with initial stresses [15]. The results of the study are expressed in a general form
without taking into account the friction for compressible and incompressible bodies.
We obtained the solutions within the theory of large (finite) initial deformations
and two theories of small initial deformations with an arbitrary form of the elastic
potential (within the framework of the second approach).

As the initial stresses can not be taken into account in the linear elastic mechanics
of materials, the general nonlinear theory of elasticity [7, 9, 19] can be used. However,
it is challenging to get a solution directly in this case. Therefore, with sufficiently
large initial stresses, it is better to use its linearized option [10, 11, 16].

Thus, let us assume that the following fundamental conditions of linearized elas-
ticity theory hold [11]:

1. Contact interaction of an elastic finite cylindrical or ring-shaped punch with
initial stresses (or without it) with a prestressed elastic body (layer or half space)
occurs after appearing of the initial stress state.

2. Additional (relative to the initial state) external loading causes much less stress-
strain disturbance in prestressed bodies compared to the corresponding values
of the initial stress state.

3. The initial stress-strain state in the area of contact interaction can be approxi-
mately considered homogeneous.

4. The solution of linearized problems of the elasticity theory of the contact inter-
action of prestressed bodies and punches (cylindrical or circular) is unique [11].
Thus, condition (2.23) in [11] is satisfied.

The second condition can be violated in the points where boundary conditions
change [11]; at these points, the contact stresses are unbounded. A detailed discussion
of this phenomenon in the theory of contact problems of the linear and linearized
theory of elasticity is given in [1, 11]. Based on the results of mentioned papers, the
following can be concluded. There are power singularities in the solutions of contact
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problems for elastic and rigid bodies. The contact stresses are O(p'~Y), where p
is the distance from a point to the point where boundary conditions change, y is a
parameter that is determined by a transcendental equation [1] and depends on the
elastic constants of contacting bodies, as well as on the elastic potential. Thus, at the
mentioned points, the stresses have no physical sense and do not affect determining
the integral characteristics of the contact problems.

1.2 Main Relations

Let elastic solids interact with elastic or rigid punches. The surfaces outside the
contact boundary are assumed to remain free from the influence of external forces,
and displacements and stresses are continuous at the contact boundary.

We use the coordinates Oy; (i = 1, 2, 3), which are associated with the Lagrangian
coordinates x; (i = 1,2,3) by the relations: Oy; = A;x; (i = 1,2,3), where A;
(i = 1,2, 3) are the elongation factors determining displacements of the initial state,
A; = const. The y3-axis is normal to the contact boundary.

Consider elastic isotropic bodies (compressible or incompressible) with an arbi-
trary form of the elastic potential [11]. For orthotropic bodies, the elastic-equivalent
directions are assumed to coincide with the coordinate axes in the deformed state y;
@=1,2,3).

We assume that the initial stress state is homogeneous, the contact boundary of
elastic bodies is in the plane y3 = const, and the initial stresses act along the contact
boundary [11, 16]

Y =Xm + U, UY = 6mi(An — DAy (1=1,2,3),

where 6,,; is the Kronecker symbol.
Then, for compressible bodies, the basic equation in terms of displacements [11,
16] is the following

’ 2
~ wijaﬁa

L U,=0 L ~=——
“ a)’za)’,&

ma

(i,m,a,B=1,2,3); (1.1)

for non-rigid bodies, the incompressibility condition is satisfied

’ 2
rap’ Ki' ol
L;na,Ua/"' qdamOP — 0, L:na — jaB ,
U 0ya 0yi0yg, (1.2)
q;ja—yj=0, q;j=/liqij (i, j,ma,B=1,23).

Stress tensor components for compressible bodies at y; = const (i = 1, 2, 3) reeds

, _ ., 00U, ,_ Aidg
Qi = wijaﬁ@’ Wijap = W‘*)i}aﬁ’
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and for non-compressible bodies

U,
dyp
where wgmaﬁ = w;maﬁ(Sllo’ 5220, S330) and K;maﬁ = Kl,'ma’ﬁ (5110, Szzo, S330) are
the components of the fourth-order tensor of elasticity modules.

The initial stresses being homogeneous, the following condition takes place

, Aidg

Q;j = K;ja,B + qsz, Kijap = WKijltﬁs

Syl =852#0, SP=0, A=A #2;. (1.3)

Taking into account (1.3), the solution of (1.1) and (1.2) can be represented us-
ing function y that, in cylindrical coordinates (7, 6, y3), satisfies the characteristic

equation
0? 9?
Al + 5/2— Al + 2__
( CE * oy}

where A; = 82/9r* + /or.

We take into account the uniqueness of the solution of the linearized theory
of elasticity for compressible and incompressible bodies and present two possible
variants of the general solution of (1.4):

X =0, (1.4)

* the case of equal roots (£57 = £%):

. N 0% 0 0%
X =Xx1+y3x2, |Ai +§22—2 xX1=0, [A +§22—2 =0 (15
(‘)y3 (9y3

« case of unequal roots (§§2 #& ;2):

) &
X=xi+i [M+& e
3

0%
X1 =0, (Al +§32—2))(2 =0. (1.6)
ays3

In circular cylindrical coordinates (r,8,z;) ( z; = Ul._ly3, v =+ (@ = 1,2),
ny = 52’2 and ny = 53'2) we obtained the solutions for finite cylindrical (circular)
punches with initial stresses using variable separation methods (Fourier method) in
the form of infinite system for constants. The stress-strain state in elastic bodies with
initial stresses for cases (1.5) and (1.6) is determined in terms of harmonic functions
in the form of Hankel integrals.

Further, we consider the solved problems in detail.
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1.3 Spatial Contact Problem for Prestressed Cylindrical Punch
and Elastic Layer With Initial (Residual) Stresses

The section presents the problem statement, boundary conditions, method of solu-
tion, and numerical results.

1.3.1 Problem Statement and Boundary Conditions

Let the finite elastic cylindrical punch (with the radius of the base R and height
H) with initial stresses be pressed into the elastic layer under the action of force
P (Fig. 1.1). We use the following notations in Fig. 1.1: A is the thickness of the
layer in the initial stress state, which is related to the thickness /4, in the undeformed
state by the ratio A3 = hy/h;. We assume that P is applied only to the free end
of the elastic punch. All the points of the end of the punch move in the direction
of the symmetry axis y3 by the same value . In the case of a prestressed layer,
three types of contact interaction are considered: 1) the layer is located on a rigid
foundation without friction; 2) the layer with initial stresses is rigidly fixed on an
undeformed foundation; 3a) the layer with the initial stresses lays without friction on
the foundation with the initial stresses; 3b) the layer with initial stresses lays without
friction on a foundation without initial stresses.

Y3

Figure 1.1 Prestressed cylin- i 1 o2
drical punch on the elastic S6 So=So
layer with initial stresses.

In a cylindrical coordinate system (r, 6, z;), the following boundary conditions
correspond to the problem statement:

1. At the end of the elastic punch z; = Hv; I
V=, 0V =0 (0<r<R). (1.7)

2. On the edge of the elastic layer in the contact area:
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G =i 0 =0 oyl = ey =0
(z;=0, i=1,2; 0<r<R). (1.8)
3. On the edge of the elastic layer outside the contact area:
0 =0, 0¥ =0 (=0, i=1,2; R<r<w). (1.9)
4. On the side surface of the elastic punch:
=0, oV=0 (0<z<H'; r=R). (1.10)

5. On the lower surface of the layer z; = —A3hpv; ! = —Ho! (i = 1,2):

a. for a layer with initial stresses lying without friction on an undeformed
foundation:
WP =0, 0P=0 (0<r<oo); (1.11)

b. for a layer with initial stresses rigidly fixed to an undeformed foundation:
u;(z) =0, u;(z) =0 (0<r <o), (1.12)

c. for a layer with initial stresses lying without friction on an elastic basis with
initial stresses:

P =ul, 0P =0 =0 (0<r<w). (1.13)

1.3.2 Method of Solution
Solutions are found in the case of roots (1.5) and (1.6) of (1.4). For example, the

solution in general form for a cylindrical punch reads

o for ny = ny:
X = S{Ulm [(mz -+ x0 ((1 - my)~' = 2E(3H6,)”' (317 - 21%))]

+Ri/\/k

k=1

so(1 = Ip(v1ykR))
v1ykRI (v1ykR)

Ry b (H(l + )+z1)10(ykzm)

x sin(yxziv1) + Jo(axr)uy ' (S2(axzr) + ZISS(akZI))l }:

e forny # ny:
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2 2 3 3

. & (1 zi+z22 71tz gtz
= — —_ —_ —_ —+ — —

X 2{ (=g -2) ~xo|r (98 2H66) s 3H0s

- 1 k2R . )
Z bk 1 )I()()’kvﬂ) sin(yxz101) + lo(yxvar) sin(yrzov2)
— T o R)

—Jo(axr) [Sa(arz) + S3(axz2) |} xes

where J,(x), I,(x) are Bessel functions of real and imaginary arguments; for
ni =ny, yx =2xkH " forny #no, v =7k +1)H™ ', (k=0,1,2,...);

so=(1+m)(1+m))~", 6g= mlnl_1 +m2n2_1, O = mlvl_3 +m202_3,

k) _ ¢1— ¢ U =0
b 48R J() Vi
’ ( ) Pt (yeo1R)? V1o vi + (yk0aR)?
" 01H7,3€11 (kaZR) W) = (€0 = ¢;)o(yxv;R) N 1-2¢o
1Wi(2) = visoWi (1) 11 (yxvjR) Ykv;R’

’ PN ’ ’ -1 : :
ml:{(wlmnl W]331) (W] 33W]5;3) "> for compressible bodies

Aigini(3g3) 7", for non-compressible bodies,

’ r—1 : :
_ 9@ for compressible bodies
-1/, ’ ’ . .
A1q1(A393) ™ (K]y33 + K]313)K]1pp» for non-compressible bodies,

’ o ’ ’ -1 : H
o = (W33 = W33) (W] 33 + W] 55) ", for compressible bodies,
1, for non-compressible bodies,

1

. {/lga)imm -w’ﬁzlzn‘ for compressible bodies;
l' =

, . .
(K7y33mmi = 3113)K1122 ; '(i=1,2), for non-compressible bodies,

ky _ Jo(Vk))/kt()o [l‘14 sinhz(akHvl‘l) COSh(a'kHl)l_l) + t11t29]
! (Io(agviR) — D)ts3 + cl(cosh(a'kHvl_l) — Ditzg + sinh(akHvl_l)t35 ’

MO =mnN, EW = —E N,

So(axzy) = Rso,u]:1 cosh(axzi) + E® sinh(agz)),

S3(axz2) = —sinh(agzi) — M cosh(akzr),
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foo = pi (py + R*0ty), to1 = (14 matys + 110€180), to2 = 2(HE @k — €o50),
to3 =2(m1 +1)(ma— 1), ti0=arxH(m; +1),
tiy = axHEy (i (my + 1) (ma = 1) + mi(1 +my)), t12 = axHéy — ¢150,
t13 = v1(82 — €1 + Co) + axHE — Coso, 111 = v1(1 —ma) +somy,
15 =v1(6o — €1 + &)t — Erso(ma + 1), 123 = v1(C2 — €1 + Co) — CoSo,
ty = H(H(3 +28, — 4¢1 + &) + 1 + 261 + &0), 12 = 20}yiR*(my — 1),
tag = v1 (1 +my)(E2 = €1 + o) + o(1 +my),
Ji(axR) =0, ax = uR™",
17 = ¢o sinh(akHvl_l) +c1(1— cosh(akHv]‘I)), te = 112 sinh(a/kHvl‘l) + 113,
123 = t1g cosh(axHoy ') ta7 + ¢1 (1 + my) sinh(a Hoy ') (1 = cosh(aHoyY)),
tr9 = (1 +my) sinh®(ax Hoy Vtye + cosh(axHoy Vtos,
130 = t1z cosh(axHoy') + 150 + 13 sinh (g Hop ),
131 = c1t10 cosh(akHvl‘l)(l + cosh(akHvl‘l)),
t3 = t31 + (1 +my)tzg sinh(ax HoyY), 133 = ti1ta1to0 sinh® (e Ho ') + ot
134 = o cosh(axHoy') + (1 + my) sinh (e Hop'!),
135 = cotig cosh(agHup ) — tog sinh(ax Hop ).

Applying (1.7)—(1.13), the stress-strain state in the prestressed layer is defined for
equal roots (1.5) (1.1) by

u§2>:93( /0 ?Jo(np)dn— /0 ?G(nhm(np)dm -

07 =6 /0 F(n)Jo(np)dn, Q%) =0,

where

/’ll nj nmip — 1
91 = C4411(] +m1)K, h= —_, 93 = —(S1 - So), S1 = .
R 4] nm;i
, . .
Cus = W33 for compressible bodies
4 =9, . .
Kis13 for non-compressible bodies,
’ /7
W N — W ] ]
M, for compressible bodies
my = /{”1133 Wiz
191 . .
—qni, for non-compressible bodies,

4343
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’ ’ ’ ’ ’
@izt Y33 T Yz “iss T W33

for compressible bodies

’ ’ / A ’ ’
7 =1 %1313 W3y Wy T Wyys3
' Kz | Kizis ~ K133 A3q3
y + - s for non-compressible bodies,
Ki313 Kiziz  A3gs+ g

In (1.14), we untroduces the notation F (1) = 7°B,R~3(1-G(17))~'; the function
G (n) is determined by (1.7)—(1.13).

Next, we introduce variables yx (k = 0,1,2,...), which define the stress state
in the layer, punch, and foundation for equal (1.5) and unequal roots (1.6); these
variables depend on the elastic potential.

From the conditions of continuity of stresses and displacements (1.8) at the contact
boundary and outside it, we write down the dual integral equations with the unknown
function F(n):

/ F(mn™"Jo(mp)dn = f(p) (p <),
/0 F(m)Jo(mp)dn =0 (p > 1),

where, in the case of unequal roots, we have

[} 0 )
Xo—1-64 Z)(kfo(ukp) + f / TG (np)dn) ,

E
10 =5, 2, 0 Fp

04 =ny! (v1(my = 1) = mysp).
Using the inversion formula [11], we obtain integral Fredholm equations of the
second kind with the unknown function F(7) determined by (1.5):

F 2e R?
F) | _2e (1 = x0)%0(17,0) = 2(ma = 1) — x0'¥1(n,0)
n 03 6>
2¢e - my — 1 - .
- — |04 Z){k‘l’o(ﬂ, ) + —=—R> Z b](k))(k‘l’o(fl, iykv1R)
o3 =1 2 k=1

L2 /w P G o wydu (1.15)
0

T u

for equal roots (1.5), and

00

(xo — 1)¥o(n,0) — 64 ZXk‘Po('],Mk)
=

+3/m F(M)G(uh)‘Po(n,u)du (1.16)
T 0 u

o) _ 2

n 703

for unequal roots (1.6). In (1.15) and (1.16)
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1
Y, (x,y) = / t" cos(xt) cos(y)tdr.
0

We use the method of successive approximations to find the solution of (1.15)
and (1.16) in the form

F(n) =Y FO ). (1.17)
k=1

The convergence of the method of successive approximations is studied based on
the principle of compressed mappings. Note that the process of successive approx-
imations (1.17) is convergent for A; > Agp. This method was used when solving
equations (1.14) and (1.15) under the condition

h>uvVD1(2m)" !, Dn=/ "G (t)dt.
0

In the case of harmonic potential, the minimum layer thickness values % are given
in [16]. In the case of the absence of initial stresses in the cylinder, the thickness
of the layer is given for comparison. It was shown that the initial stresses affect the
implementation of the method of successive approximations.

Using the boundary conditions (1.7)—(1.13) and the orthogonality of the Bessel
functions, we obtain the infinite quasi-regular system of linear equations

ﬁk)(k+219kn)(n=a')k (k=0,1,2,...). (1.18)
n=0

The quasi-regularity of (1.18) can be established using asymptotic representations
for the Bessel functions, and zx and boundedness of integrals W (ux, pt,,) for 1 > Agp
[16]. Thus, the problem is reduced to determining the constants yx (k =0,1,2,...),
by which the characteristics of the stress-strain state of the elastic layer, punch, and
foundation with initial stresses are expressed. The relation between the punch base
displacements and the load P for equal (1.5) and unequal roots (1.6) of (1.4) are the
following

P =8neE0; (k62IR) ' yo, P =2neE050;(xH) ™ x0,

where I = H/R, 05 = (v, + vls)nlng((mlvg + mgv?)E)_l.

When determining the stress state of the layer and foundation, most of the in-
tegrals can not be found analytically due to the complexity of the function G ().
Therefore, starting from the second approximation of the function (1.17), we expand
the expressions under integrals into power series A7 (G =1,2,...); it allows us to
calculate the coefficients of (1.18) approximately.



14 Natalia Yaretska

1.3.3 Numerical Results

Here, the impact of initial stresses on the contact interaction of the elastic cylinder and
layer is studied for the potentials of Bartenev—Khazanovich, Treloar, and harmonic
potential. We find a numerical solution of the quasi-regular system (1.18) at k =
32. The algorithm based on the reduction method was tested on some reference
problems and showed its efficiency. Numerical analysis is presented in dimensionless
coordinates (Figs. 1.2—1.6). In the figures, the dashed line corresponds to a stress
state without initial stresses.

Figures 1.2 and 1.3 show the die pressure for the cylinder with initial stresses at
h = 1.6. The impact of initial stresses on contact displacements in the cylinder and
layer is illustrated in Figs. 1.4 and 1.5. Figure 1.6 shows that tangential stresses are
the most concentrated near the contact zone.

By comparing the stress state of bodies with initial stresses and the corresponding
state for an isotropic body without initial stresses, the following equation is obtained
atz; =0

Us(r,0) = kUY(r,0), Q33(r,0) = ksQ%(r,0), (1.19)

Figure 1.2 Harmonic poten-
tial.

Figure 1.3 Treloar potential.
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Figure 1.4 Bartenev—
Khazanovich potential.

Figure 1.5 Treolar potential.

Y3

Figure 1.6 Treolar potential.

where Us(r,0) and Q33(r,0) are displacement and stress under the punch pressed
into the layer with initial stresses; U3’ (r,0) and Q33°(r,0) are displacement and
stress under the punch pressed into the layer without initial stresses; k and kg
are coefficients that illustrate the effect of initial stresses on contact stresses and
displacement of elastic cylinder and layer.
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The dependence of coefficients changes k and & from (1.19) is presented in [16].
When the elongation coefficient approaches the value of the surface instability of the
material, displacements increase unboundedly, and stresses tend to zero.

1.4 Pressure of Two Prestressed Half-Spaces on Elastic
Cylindrical Punch With Initial (Residual) Stresses

The section presents the problem statement, boundary conditions, solution method,
and numerical results for this problem.

1.4.1 Problem Statement and Boundary Conditions

Let the finite elastic cylindrical punch with initial stresses is compressed (stretched)
by two identical prestressed half-spaces reduced to equal and oppositely directed
forces P (Fig. 1.7). The geometrical axis of symmetry of the punch coincides with
the y3-axis of the cylindrical coordinate system (7, 6, y3). The external load is applied
so that the points of the unloaded surfaces of the bases move in the direction of y3 = 0
by . Let h = 0.5H.

Figure 1.7 Two prestressed
half-spaces and an elastic
cylindrical punch with initial
stresses.

1//% 4 ésﬁz
S6 Silg22

The following boundary conditions correspond to the problem statement

1. at the base of the elastic punch

(i 7(3 7(3 (i 7(3 (i
“3(1)_“3();9’ Q3(3)=Qagl)’ Q3(r):0’ Q3(rl):0

(zi =xh/v;, i=1,2; 0<r<R), (1.20)

2. on the boundaries of elastic half-spaces outside the contact area
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0P =0 oW=0, D=0, (zi=xh/vi, i=1,2; r>R), (121
33 b 3r b 3 9 1 - 19 9 9 b .
3. on the side surface of the elastic punch
=0, 0 =0 (lzil < hfoi, i=1,2; r=R). (1.22)

The equilibrium condition that establishes the dependence of load P on displace-
ments of punch bases is as follows:

R
P=—27r/ r
0

1.4.2 Method of Solution

/(i)
3r

(i)
£233

/(i)
03 ’dr’

i=1,2). 1.23
P ) (1.23)

In the case of unequal roots (552 # 552) of the characteristic equation (1.4), the
solution for a cylindrical elastic punch with initial stresses reads

2

- EX0 r 1

X = ad —(n1+2) - z(z]+23)
2 3

L g - #ka{ sol1(yxv2R)

Rny & L (yrv1R)

h h h
v2(Co — C2) (cot (QL) sinh (QL) — cosh (Q,L)) sinh(a@gz1)
%) U1 U1

sinh(axhv;t) (v2(8o — &) +v150(€1 — &)

ny(¢1 — ¢o) (cot (&h) sinh (&h) — cosh (M)) sinh(a@z3)
1%} ] 12}

vy sinh(axhop!) (02(Eo — &) +vis0(&1 = o))

To(yxvir) sin(ygviz1) — To(yxvar) Sin()’kvzm)]

—Jo((lkr)FZ

+cosh(akzy) +

ny sinh(aghoT!) cosh(agz
_masinh(auho hoosh(az) [
niso smh(akhvz’l)

where

wy = v%ml_l(m —50)" Y yr=mkh™', ax =R (Ji(akR) = 0),
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niAZGr(1; R h h
Fp=(1+ a'z)yi ;() (ykvl sin(yxh) cos ( ) — cos(yih) sin (—))
1- k ] U1 U1
2;R h h
+%() (ykvz sin(ygh) cos ( ) — cos(yxh) sin (—))
1-y k 2 V2 02

¢ h h h h
X (ai]o(a/kR) [ ! OEZ (ak sinh (&) cos (—) + cosh (QL) sin (—))
U1 U1 U1 U1

v
+62_CON (a/k smh( kh)cos (£)+cosh(&h) sin (ﬁ))])
1)) 1) 1) 02 02

The stress-strain state in prestressed half-spaces is defined by the following lin-
earized equations [11]

0 Cau(l+m)l, [ ,
01 (pi ) = S [ ) 57 527,
0 (p 4)——M / F(n)(e"% - "), (np)dn,
Fr (1.25)
U i) == /O EU (5267 — 3¢ rp)d,

, S F
0 (i) == [ T s o)

0

where & = z;o;R™, ¢ = &' = Z R, n = R (i = 1,2), s = sohal!, 51 =
(my — l)ml‘l, s2 = vyma(vomy) !, 53 = sovlvz_l and F(n) is the unknown function.

From the first boundary conditions in (1.20)—(1.21), the unknown function F(n)
can be defined from the dual integral equations

/ Fn) —=Jo(mp)dn = q(p) (0<p<1),
0o N (1.26)

F(m)Jo(mp)dn =0 (p > 1),

where

w - .| m . . h
a(p) =21 (1=x0) =2+ 3" awdo(uip) F [—1 (Ek sinh (“L)
nj = ni U]R

Hich Hich . Hich
+cosh [ =5= N sinh | == | + M? cosh | ==~ .
o (UIR)) nz( 8 (sz) k08 (Rv2))})(k;

Using the inversion formula [11], we obtain
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F _ 2

—((1 — x0) 2%(3,0)
n T n

- h h
3 e | i ) comn (222
— R ni IR IR
my . . (Hkh . Hich
+— | N;sinh (| —— | + M cosh | — ||| xx¥(n, pux)|. (1.27)
ny R02 RUZ

To determine the coefficients Ni*, E*, M ™ and the function F(77), new variables
are introduced:

*®F R(vy + R .
/ o Jinp)dp =~ 70 (0 + 015) X0 Xk = ———— B,
o 7 120102h(s —53)06 EMRWy

o (1.28)
/0 n¥(n, ux) /0 pJo(unp)Jo(mp)dpdn =¥ (un, pk).

The infinite system, which is similar to (1.18) for the unknowns yx (k =0,1,...)
in (1.24)—(1.27), is obtained. Thus, this problem is also reduced to the determination
of constants y (k =0,1,2,...) that determine the stress state of the elastic punch
and two half-spaces with initial stresses. Using the equilibrium condition (1.23), the
formula for the load P is found as P = nsR2C44(1 +m)l (v + sv1)(v20; h6e)~!.

After defining the unknowns yx (k = 0, 1,2, . ..) from a system of linear algebraic
equations similar to (1.18), it is possible to obtain displacements and stresses in both
elastic half-spaces and elastic punch [18]. Problem solutions are also represented as
series containing an infinite system of constants yx (k =0,1,...).

1.4.3 Numerical Results

Numerical analysis is presented for the Treloar potential (for Neo-Hookean bodies).
The distribution of normal stresses Q33’>) /P in the contact zone (at z; = h/v;) and
along the elastic cylinder is shown in Fig. 1.7. Displacement U3’ (®) /¢ in the contact
zone (at z; = h/v;) and along the cross-section of the elastic cylinder (at z; = 0)
is shown in Fig. 1.8, where the dashed curve corresponds to contact without initial
stresses (11 = 1), and the solid curve — with initial stresses. All quantities in Figs. 1.9
and 1.10 are presented in dimensionless coordinates. When initial (residual) stresses
are absent (1; = 1), the graph of contact stresses distribution corresponds to the
known solutions of the contact problem about the pressure of two half-spaces on a
cylinder without accounting for initial stresses [1]. The dependence of the equivalent
load P on the elongation coefficient 4, is illustrated in Fig. 1.10 for some argument
values.



20 Natalia Yaretska

'(3)
3

30.98

29.58

22.18

14.78

Figure 1.8 Contact stresses
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Figure 1.9 Contact displace-

ment UQ(S) / € in the contact
zone.

8.x10°°

7.x10°®

6010 —1

5.x10°®

4.x10°

3.x10°®

2.x10°

Figure 1.10 Dependence of
equivalent force P on the
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1.5 Contact Problem for a Rigid Ring Punch With Half Space
With Initial (Residual) Stresses

The section presents the problem formulation, boundary conditions, solution method,
and numerical results for the problem.
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1.5.1 Problem Statement and Boundary Conditions

Let a finite rigid ring-shaped punch (with a flat base) is pressed into a prestressed
half-space with force P (Fig. 1.11). The geometric symmetry axis of the punch
coincides with the ys-axis (in the cylindrical coordinate system) directed into the
half-space. The geometry parameters R; and R, are the inner and outer radii of the
punch, respectively. The external load is assumed to be applied only to the free end
of the elastic punch. All the points of the punch base move to the direction of the
symmetry axis y3 by the same value ¢.

Figure 1.11 Rigid ring-
shaped punch on elastic half-
space with initial stresses.

S¥ So

In the circular cylindrical coordinate system (7,6, z;), the following boundary
conditions correspond to the given above problem statement :

U,=¢ (R <r <Ry, (1.29)
0,,=0(0<r <R Ry<r <), (1.30)
0::=0(0<r <), (1.31)
U,=0(0<r<R|, Ry <7 < ), (1.32)
Q.. =—0) (R1 <7 < Ry), (1.33)

where 00 = 8sw3(nV1 —r2)7! for Ry < r < Ry, and 0¥ = 0 for 0 < r < Ry,
Ry <r <oo,w3 = C44(1 + ml)ll(s - S()).

The equilibrium condition that establishes the relation between the punch inden-
tation and the equivalent load P is as follows

Ry
P= —27r/ rQ..(0,r)dr. (1.34)
R

1
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1.5.2 Method of Solution

The stress-strain state in prestressed half-space is determined based on conditions
(1.29)—(1.33) and z; = O for unequal roots by the following quantities [14, 20]

Wy o
0 =2 [ Fapastaryan.
00 )
Us = —— / B o ryan, (1.35)
Y Ea)
U, = wﬁ/ —=Ji(nr)dy,
0 n
where
R
Ro= =5, wi=Cauy(l+m)li(s —53), ws= — N wg=si— 1.
R, my(s2 — 53)
Taking into account condition (1.33), we obtain:
‘;ﬁ F)Jo(pr)dn =0 (0 <r <Ry, Ry<r<oo) (1.36)
0 Jo

Introducing the unknown continuous function f(r) (R; < r < Rj) defining the
distribution of die pressure, and extending (1.36) to 0 < r < co, we get [20]

01;_3 omF(n)Jo(nr)dn=f(r) (O(r=R)=6(r=R2))  (0<r<e) (137)

where 6(r) is the delta function.
Since the function f(r) (f(r) = 0 at r < Ry and r > Ry) is continuous, we
present it by a segment of the generalized Furrier series [14, 20]:

Yn Yn
Ln(r)=Jo| 51| Yo(yn) = Jo(yn)Yo | 57|
Ry Ry
where y,, are the positive roots of the equation
Ry
Jo [ 22Ra | Yo(ya) = Jo(ya)Yo | 27| =0,
R1 Rl

Yy (x) is the Weber function. Thus,

(o)

Fr) =2 anLa(r),

n=1

where a,, are unknown coefficients.
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Applying the inversion formula of the integral Hankel transform to (1.37), we get

F()

R (e8]
— 3 a,®u(n) (0<n<w), (1.38)
n w4 n=1

where

Ry
@Am:[;ruvwamMr

_ 7’n772 R, Ry R,
B m{R_l |:J| (R_l)’n) Yo(yn) - 11 (R_lyn) JO('}’n)]
X Jo(mR2) = [J1(¥a)Yo(¥n) = Y1(¥n)Jo(¥n)] Jo(an)}

Using the second expression in (1.35), equation (1.38) and (1.40), we obtain

(o)

D anda(r) == (Ri <r<R), (139)
n=1 kl
where
Ry °°
PO ¢Aw=/'¢4mmmwm.
wW4Wws5 0

After determining a, from (1.39), it is possible to obtain the components of
the stress-strain state in the elastic half-space using (1.38) and (1.35). The relation
between the indentation displacement and the equivalent force P, according to (1.34),

reads P = 16wse(1 — V1 — Ry).

1.5.3 Numerical Results

This section presents a numerical analysis corresponding to the Treloar potential
(Neo-Hookean bodies). The normal contact stress €' Q33 and radial displacement
&~ U, is shown in Figs. 1.12 and 1.13 in dimensionless coordinates. The larger
the elongation coefficients 41, the higher the curve for mentioned relations. Dotted
curves correspond to half-space without initial stresses (4; = 1), and solid curves —
with initial stresses.
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Figure 1.12 Contact stresses
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Figure 1.13 Contact dis-
placement U, £~'. The poten-
tial of Treloar.

1.6 Pressure of Elastic Ring Punch With Initial Stresses on
Prestressed Half-Space

The section presents the formulation of the problem, boundary conditions, solution
method, and numerical results of the problem on the indentation of an elastic ring-
shaped punch with initial stresses into a prestressed half-space.

1.6.1 Problem Statement and Boundary Conditions

Let a finite elastic ring-shaped punch of height H is pressed into a half-space with
force P. The geometric axis of symmetry coincides with the axis y3 of the cylindrical
coordinate system (r, 8, y3) and is directed inside the half-space (Fig. 1.14). Geom-
etry parameters R and R, are the inner and outer radii of the punch, respectively.
The external load is assumed to be applied only to the free end of the punch, where
all points move along the axis of symmetry y3 by the same value . The punch is
assumed to be prestressed.
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Figure 1.14 Elastic ring- ° So
shaped punch and elastic S=sy

half-space with initial stresses.

In the system of cylindrical coordinates (r, 8, y3), the following equations corre-
spond to the boundary conditions:

UM =—e, 0V=0 (zi=Hvi', i=1,2; Ri<r<Ry), (140)
U;(l) — U;(z), Q’(l) Qégz)’ Q’(l) Q,(z) (141)
(z; =0, i=1,2; Ry <r <Ry,
0 =0, 0P=0 (z1=0, i=1,2; 0<r <Ry, Ro<r<co), (142)
=0, 0V =0 (O<z<Hy', r=R;, r=Ry). (143)

The equilibrium condition that establishes the relation between the indentation
displacement and the equivalent force P is as follows

P=-2r / 0.7 (0,r)dr. (1.44)
Ry

1.6.2 Method of Solution

To determine the stress-strain state in an elastic ring-shaped punch with initial
stresses, was use the linearized equations (see p. 78 in [15]). These equations give
the displacement and the stress for compressible and non-compressible bodies. The
general solution y = x| + y» for the case of unequal roots of the characteristic
equation [15] is obtained in the form
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¥ =240(r* - 23 - ) +3r2Co(23 + 23)
+ i <Ck {[A,(cl)lo(kalr) + AI(CZ)KO(')’kUIr)] sin(yxviz1)
k=
+ 4 o) + AL Ko(yiorn) | sin(yionz)|

+M [Tlil)-](](a'kr) + Tk(Z)YO(akr)] (S~2(a’kZ1) + g3(£¥k22))> )
where A,(f), B,(cz), Tk(z), Co, Cx, My, = const, and M}, are the unknowns,

S(x) = Ey sinh(x) + Fy cosh(x), S3(x) = Ny sinh(x) + cosh(x),
T = =Yi(axRi R ) (1 (xR R3 D)) T,

AV = Ko R) (I (v R)) A,

B" = Ki(yi0aR)) (I (vivaR1) "' B,

Ny = —coth(axHvy '), S4(x) = Ej cosh(x) + Fy sinh(x),

Ao = BCoH (1)~ = enina(4(miny + mony))™"),

My = M TP, Ex = (14 mo)ni (14 mi)na) ™" coth(ag Hop ),
Fr==(1+m)ni (1 +m)ny)~", yx = nkH™",

ar = R R, 1 ()Y (iR RTY) = Y1 (i) J1 (uRaRTY) = 0.

Basing on (1.40)—(1.43) and z; = 0, the stress-strain state in the prestressed
half-space is obtained for unequal roots in the form [10, 11, 15]:

- F d
033 Rzl_ Rloa/o( )(n)Jo(nr) n,
U3<2) = ——/ Y24 Jo(nr)dn, (1.45)

4 F()
U = o1 [ E sy,
0

where wy = vy (m(s3 — SQ))il, w) =50 — 1.
Satisfying the first condition (1.41), we define the unknown function F(7) in
(1.45) from of the triple integral equations

(e8]

FOoMy(rdn =0 (Ry < r < o),
[ 22ty = 109 (R < < R, (1.46)

F(m)Jo(mr)dn =0 (0 <r <Ry),

where
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M ) ;

Further, we reduce the integral equations (1.46) to a single equation [21]. The
function F'(7) then can be sought in the form [21]:

& Yi(axR1R;Y)

w? 2 [ TI\ERRTRY -1 -1

r — |e+t a; | ——————Jo(arR5 'r) = YolarR, 'r

f(r) Rz( 1];:] k(Jl(aleRz‘l) o(axRy ') = Yo(axR; 'r)
nmip; —myp

l’lz(l +m1)'

F(n) =R, i Wandan (%577(1?2 - Rl)) Jon (%U(Rz + Rl)) ; (1.47)
n=0

where W, are unknown constants. Substituting (1.47) in (1.46), we get the integral
equation

ni)wzn /Ooo Jon (%n(Rz - Rl)) Jon (%U(RQ + Rl)) Jo(pr)dn = f(r).  (1.48)

From the second boundary condition (1.41), we obtain

YW [ (3n(ke - R0)
n=0 0

R
< (S (Ro+ R0) [ rdaCuerido(arydray
R,

_ Nug(Ry — my) (1 +my) 2,

Yi(axRiRY) -
(Xk 1 2 0(1)

Ji(axRiR;Y F

~ 0P| My. (1.49)
w32

where

~ R
OI(cl) = a—i [R]J] (aleRz_l) - RyJ; ((lk)] )

O~I(<2) = CR;'—; [R1Y1 (aleRgl) - R2Y1(ak)] .

To determine the constants M; and Wy; (i = 0,1,...) from (1.45) and (1.46),
we use an infinite system of linear algebraic equations consisting of (1.48) and
(1.49). This system is solved by the reduction method, taking into account that Wy =
wren(Ry — Ry)(8w3R,)~!. Using the equilibrium condition (1.44), we establish
the relation between the indention displacement and the equivalent force P in the
following form

_ 2wowse
n(Ry—Ry)

Having determined the unknown constants M; and Wy; (i = 0,1,...), we can
obtain displacement and stress in the elastic half-space as well as in the punch. It
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Figure 1.15 Contact stress.

Figure 1.16 Contact dis-
placement.

should be noted that the coefficients depend on the elastic potential and the height
of the elastic punch H.

1.6.3 Numerical Results

In this section, numerical solutions corresponding to the Treloar potential are pre-
sented. Figures 1.15 and 1.16 show the normal contact stress P~ Q33! distribution
and displacement —(gR,)~'U3(!) under the ring-shaped punch at the contact area
boundary in dimensionless coordinates. The dashed curve corresponds to the half-
space without initial stresses (1; = 1), and the solid curve — with initial stresses.

1.7 Conclusion

The general engineering conclusions for the considered problems are as follows:



1 Contact Problems for Stamps and Elastic Bodies with Initial Stresses 29

1. initial stresses in bodies lead to a decrease in stresses and an increase in the
absolute values of displacements in compression (1; < 1) an increase in stresses
and a decrease in the absolute values of displacements in tension (1; > 1).
Thus, a prestressed state during the contact interaction of elastic bodies makes it
possible to adjust contact stress and displacement when determining the strength
of structures and their members. Moreover, for contact stresses, initial stresses
are dangerous in case of tension, and for displacements, initial stresses are
dangerous in case of compression;

2. more significantly, in quantitative terms, initial stresses act in highly elastic
materials in comparison with more rigid ones, but their influence remains qual-
itatively;

3. in cases of absence of initial stresses, the obtained results coincide with the
classical ones.

In the case of the pressure of two prestressed half-spaces on the elastic cylindrical
punch and the pressure of the cylindrical punch on the layer, it was established that
the most significant effect of initial stresses is observed on the side surface of the
punches. The thickness of the layer does not affect the nature of the initial stress and
affects only their value. The situation is dangerous when initial stresses approach
the values of surface instability since contact stresses and displacement dramatically
change their values.

Thus, from the study of the contact interaction of two prestressed half-spaces
and an elastic cylindrical punch, it can be concluded that the closer to the central
cross-section of the cylindrical punch, the faster the normal stresses tend to zero.
Furthermore, displacement Us’(®) /s takes significantly higher values closer to the
axis of the cylindrical punch than to its side surface. The values of the equivalent
force P decrease with an increase in the elongation coefficient A;. Thus, the force P
takes greater values during tension than during compression.

The research made it possible to

1. obtain analytical and numerical dependencies that determine the behavior of
stresses and displacements in the contact zone;

2. develop algorithms for numerical determination of contact characteristics;

3. use the proposed research principle and solution algorithm when designing
technological types of equipment, buildings, and other structures.

Thus, this chapter presents research on contact problems for prestressed bodies
with elastic or rigid punches. We believe that further progress in the development
of the mechanics of contact interaction of prestressed bodies (both in the case of
rigid and elastic punches) is determined by the research of more complex classes
of problems, for example, taking into account friction, conducting experimental
researches on the effect of initial stresses on the main characteristics of contact
interaction of structural materials.
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